ASYMPTOTIC STABILITY OF N-SOLITONS OF THE FPU LATTICES 



TETSU MIZUMACHI 



Abstract. We study stability of A'^-soliton solutions of the FPU lattice equation. Solitary 
wave solutions of FPU cannot be characterized as a critical point of conservation laws due 
to the lack of infinitesimal invariance in the spatial variable. In place of standard variational 
arguments for Hamiltonian systems, we use an exponential stability property of the linearized 
FPU equation in a weighted space which is biased in the direction of motion. 

The dispersion of the linearized FPU equation balances the potential term for low fre- 
quencies, whereas the dispersion is superior for high frequencies. We approximate the low 
frequency part of a solution of the linearized FPU equation by a solution to the linearized 
KdV equation around an 7V-soliton. 

We prove an exponential stability property of the linearized KdV equation around A'^- 
solitons by using the linearized Backlund transformation and use the result to analyze the 
linearized FPU equation. 



1. Introduction 

In this paper, we study stability of multi-pulse solutions of lattice equations which describe 
motion of infinite particles connected by nonlinear springs: 

(1.1) q{t, n) = V'{q{t, n) - q{t, n - 1)) - V'{q{t, n + 1) - q{t, n)) for {t, n) G M x Z, 

where q{t, n) denotes the displacement of the n-th particle at time t, V{r) denotes a kinetic 
potential and ' denotes differentiation with respect to t. Making use of the change of variables 
p{t, n) = q{t, n), r{t, n) = q{t, n + 1) — q{t, n) and u(t, n) = \r{t, n),p{t, n)), we can translate 
(|l.ip into a Hamiltonian system 

(1.2) ^ = JH'iu), 
/ — l\ 

where J = \ ^ _q ^ ) , are the shift operators defined by (e^^)/(n) = f{n± 1) 



l-e-"" 



H{u{t)) = ^ (-p{t,nf + V{r{t,n)U (Hamiltonian). 



and 



Typical examples of (jl.ip are the a-FPU equation {V{r) = + ^r^) and the Toda lattice 
equation {V{r) = — 1 + r). 
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Originally, Fermi-Pasta and Ulam [3] studied the FPU lattice numerically to observe the 
equipartition of the energy among all Fourier modes and found an almost recurrence phenom- 
ena contrary to their expectation. Zabusky and Kruskal |30j numerically found multi-solitons 
of KdV that was known to describe the long wave solutions of FPU and interpreted their result 
as an explanation of the FPU recurrent phenomena. For recent development of metastability 
results on solitary waves of the finite FPU lattice, see [1] and the references therein. 

The FPU lattice equation has solitary wave solutions due to a balance of nonlinearity and 
dispersion induced by discreteness. This was indicated by [3j by numerics before being proved 
by Priesecke and Wattis [9] by using a concentration compactness theorem. See also |28j for 
the Toda lattice equation that is integrable and has explicit A^-soliton solutions. 

Eq. (jl.2p has two parameter family of solitary wave solutions {uc{n — ct — 'j) : c G 



In the case where c is close to 1 or —1, Friesecke and Pego [5] prove that solitary wave solutions 
are unique up to translation and their shape are similar to KdV 1-solitons. We remark that 
a solitary wave solution Uc{- — ct) is small if c is close to 1 or —1 and limc->±i H{uc) = 0. 

Priesecke and Pego also prove in [6l [71 [8] that small solitary waves of FPU are asymptotically 
stable in an exponentially weighted space. Their idea is to compare spectral property of the 
linearized FPU equation and the linearized KdV equation and to make use of the phenomena 
that the main solitary wave moves fastest to the right (or to the left) and it outruns from the 
rest of the solution as Pego and Weinstein [23] did for KdV. See also Mizumachi and Pego |22] 
that prove stability of Toda lattice 1-solitons of any size. More recently, Mizumachi [20] has 
proved stability of 1-soliton solutions of FPU in the energy space and Hoffman and Wayne 
proved stability of two solitary waves which propagate to the opposite directions. 

Our goal is to prove stability of A^-solitons in the energy space. In this paper, we assume 



and use the following properties of solitary wave solutions proved by [5]. 

(PI) Let c* > 1 be a constant sufficiently close to 1 and let a S [0,2). For any c G 
(1, c^k], there exists a unique single hump solution of (II. 3p in P up to translation in x. 
Moreover, ^Q{c-l) =: e ^ e-'^Uc{-) S ^^(M; e^-^l^l) is . 

(P2) There exists an open interval / such that V"{r) > for every r ^ I and that 
{rc{x) : x G M} C / for every c G (1, 1 -|- c*]. 

(P3) The solitary wave energy H{uc) satisfies dH{uc)/dc / for c G (1, c*]. 




(1.3) 



cd^uc + JH'iuc) = 0. 



(HI) 



VeC'^{R;R), V{0) = V'{0) = 0, V"{0) = 1, V"'{0) = 1, 
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(P4) As c tends to 1, a shape of solitary wave solution becomes similar to that of a KdV 
1-soliton. More precisely, 

2 



j=0 

Now we state our main result. 



sech X 



0(e' 



Theorem 1.1. Let < ki < ■ ■ ■ < ki\f and Cj^o = 1 + (1 < ^ < N). There exist positive 
numbers Eq, 70, ^0 'in-d §0 satisfying the following: Suppose e G (0,eo) O'l^d that u{t) is a 
solution to ()1.2p such that \\vo\\i2 < 6oe'^ , 

N 

(1-4) u{-,0) = ^Uc^^{- - Xi^o) + V0, 



(1.5) 



L := min e(xj,o - 2;i-i,o) > 7- 1 log((^oe)|- 

2<i<N ki 



Then there exist -functions Xi{t) (i = 1, • • • , A^) such that 



(1.6) 



sup 

t>0 



N 



u{-,t) - ^nc, ^(- -Xi(t)) 



i=l 



<Ao{\\vo\\i2+ele-^°'^). 



«2 



Furthermore, there exist cn,+ > • • • > ci^+ > 1 and c^: £ (1, (1 + cifi)/2) such that 

N 



(1.7) 



lim 

t— >oo 



^{■,t) - ^Uc,,+ (- - Xi{t)) 



0, 



(1.8) lim Xi(t) = Q,+ and \ci^+ - Cifi\ < Ao{e~'^\\vo\\p + e'^e~'^°^) for 1 < i < N . 

Remark 1.1. Eq. (|1.6p implies orbital stability of FPU co-propagating A^-solitons since by 
(P4), 

-3 



Ci.O \\P 



r,^^,{xrdx{l + o{l)) 



8kfe- 



(l + o(l)). 



Remark 1.2. The solitary waves moving to the same direction interact more strongly than 
counter-propagating solitary waves because they interact each other through their tails for a 
longer period. Noting that the relative speeds between solitary waves are of 0{e'^), we see 
that the total impulse caused by the interaction of solitary waves is of 0{e2e~'^^^) = 0{e2) 
in the setting of Theorem II. 1^ whereas the total impulse caused by the interaction among 

7 

counter-propagating solitary waves is of O^e^) ([13]). 

Orbital stability of KdV multi-solitons was first studied by Maddocks and Sachs [16] (see 
Kapitula [14J for other integrable systems). In the nonintegrable case, Perelman \24:\ 125) . 
Rodgnanski-Schlag-Soffer |27j proved stability of multi-solitons of nonlinear Schrodinger equa- 
tions that have super critical nonlinearities by using scattering theory. 
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Martel-Merle-Tsai [181 US] studied stability of multi-soliton solutions of gKdV and NLS by 
combining a variational argument ([21 Chapter 8]) and some propagation estimates. Their 
approach seems more favorable because FPU has a subcritical nonlinearity. However, a 
solitary wave solution cannot be characterized as a local minimizer because FPU does not 
have a conservation law corresponding to momentum for KdV because the spatial variable is 
defined on Z. 

Instead of using the positivity of the second variation of a conservation law as is done in 
|18[ll9j. we will use exponential linear stability property of the multi-soliton. The idea of using 
exponential linear stability property was applied to FPU by Friesecke and Pego [H [H [71 [8] 
and lately used by Mizumachi [20] to prove orbital stability of 1-soliton solutions of FPU. 

We remark that most of propagation estimates of linearized dispersive equations around 
multi-solitons are obtained in the case where relative speed between solitary waves are large 
(Perelman [241 ES] , Rodgnanski-Schlag-Soffer l27j , Hoffman- Wayne [13] ) so that a dispersive 
wave mostly interacts with one solitary wave and virtually has no interaction with the others. 
In these cases, the problem can be reduced to that of 1-soliton solutions by using Fourier 
analysis or cut-off functions. The other extreme case is where the relative speed is small 
(Mizumachi |21j). In that case, 2-soliton solutions can be treated as a multi-bump bound 
state for a sufficiently long time. 

In our problem, a dispersive wave effectively interacts with all the solitary waves which 
locate behind the dispersive wave at initial time because the group velocity of plane waves 
is ±cos| G [— 1;1] and velocity of solitary waves are larger than 1. Therefore, we need 
to consider exponential linear stability of A^-solitons without using cut-off functions in the 
spatial variable. 

To prove exponential linear stability of FPU A^-solitons, we translate the linearized equation 
into a system of a high frequency part, a middle frequency part and a low frequency part. 
The high frequency part is governed by a linearized FPU equation around the null solution 
and the middle and low frequencies are in the KdV regime. The behavior of middle frequency 
modes is approximated by ut + Uxxx = because the potential term turns out be negligible in 
this region. For low frequency modes, the dispersion and the potential term are of the same 
order and its behavior is governed by a linearized KdV equation around A^-soliton solutions. 

Haragus and Sattinger [11] proved exponential linear stability of linearized KdV equations 
in a class of analytic functions. In this paper, we show the exponential linear stability in 
weighted spaces. 

Before we state our result, let us introduce several notations. Let < fci < • • • < /cat, 7^ G R, 
9i = ki{x — Akft — 7j) for z = 1, . . . , and let k = {ki, ■ ■ ■ , kjsf ), 7 = (71, ... , jn) G and 



Cn 



1 



ki ~\~ kj 



1=1.. ..,Ni 
j=l,-,N^ 
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Then ipj^(t,x;k,j) := d"^ log det(/ + C^) is an N-soliton solution of KdV 

(1.9) dtu + d:,{dlu + Qu^) = id for x G M and t > 0. 

Especially </7i(t, x; fc, 7) = k"^ sech^ k{x — Ak'^t — 7). 
Let a > and 

'P{t,k,'y) : lI-^ span{d^^ipN{t,y;k,-f), dk,fN{t,y;k,-f) : l<i<N}, 

Q{t,k,j) = I-r{t) 

be projections associated with 

(1.10) dtv + da:{dlv + 12ipN{k,'y)v) = for x G M and t > 0. 
such that for v G Q{t, k, 7) and « = !,••• , A^, 

(1.11) / v{x) / dj^ipNit,y;k,'-f)dydx = 0, 

Jm. J -00 

(1.12) / v{x) / dk,(pN{t,y;k,j)dydx = 0. 

JR J~OD 

If is a solution of (jl.lOp and v{s) £ Q(s), then v{t) £ Q{t) for every t > s. 

Theorem 1.2. Let < ki < . . . < k^ , < a < 2ki, 9 > 0, i] e {0, 1) and let v{t,x) be a 
solution of (jl.lOp . Then there exists a positive constant K such that for every t > s and c, 
xo G M, 

\K''-^*-^°^Q{t)v{t)\\L2 < Ke-'^(^-"')(*-")||e'^(-^^-^o)Q(s)7;(s)||i2, 
||ga(.-rf-xo)g(^)^(^)||^^ < K{t - s)-ie-''"(^-"')(*-^)||e<-^"-^»)Q(s)f(s)||^-e. 

Our plan of the present paper is as follows. In Section [21 we decompose a solution that is 
close to a family of A^-solitons into a sum of an A^-soliton part and several remainder parts 
and derive modulation equations on parameters of speed and phase shift of the A^-soliton 
part. In Section [3l we estimate the energy norm of the remainder parts and prove virial 
identities for each remainder part. In Section [H we prove orbital and asymptotic stability of 
A^-solitons assuming exponential linear stability of A^-solitons of FPU. In Section El we will 
prove exponential linear stability of small A^-soliton solutions of FPU assuming exponential 
stability property of KdV. In Section [6l we will use a linearized Backlund transformation 
to prove Theorem 11.21 following the idea of Mizumachi and Pego [22j . We will show that 
a linearized Backlund transformation determines an isomorphism that connects solutions of 
Ut + Uxxx = and solutions of (jl.lOp satisfying (jl.lip and (jl.l2p whose operator norm is 
uniformly bounded with respect to t. 

Finally, let us introduce some notations. Let {u,v) := X^„gz('Ui(n)u2(n) + vi{n)v2{n)) for 
M^-sequences u = {ui,U2) and v = (^1,^2) and let \\u\\i2 = ((«,«)) 2 and ||n||;2 = ||e'^"n(n)||;2. 
We use notations ||u||i2(R) = ||e"^?x(x)||i2(R) and \\u\\jjk(js^) = ||e"^u(x)||j:^fc(]R). 
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For Banach spaces X and Y, we denote by B{X,Y) the space of all linear continuous 
operators from X to y and abbreviate B(X,X) as B{X). We use a and a = 0{h) to 
mean that there exists a positive constant such that a < Cb. For any / G 

1 

/27r 



(-^n/)(0 = /(0 = ^E/(^)«"'"^' 



and (/i *T /2)(x) = - y)f2{y)dy for /i, ^ € L^{T), where T = M/27rZ. We denote by 

T/j a translation operator defined by {Thf){x) := f{x + /i). 



2. Decomposition of the solution 
Let u{t) be a solution to (|1.2p which lies in a tubular neighborhood of 



7W 



|^^c«,o(- - Vi) ■ Vi+i - yi> L for i = 1, • • • , - l| , 



where L is sufficiently large. 

We decompose a solution around Ai as 

(2.1) u(t)= u,^it)i--xiit)) + vit), 

l<i<N 

where Uc^(t){' ~ Xi{t)) {i = 1, - ■ ■ , A'') denote solitary waves and Ci{t) and Xi{t) are modulation 
parameters of the speed and the phase shift of each solitary wave, respectively. Let Uj\f{t) = 
Yl^i'^Ci{t){' ~ Xiii))- Substituting (|2.ip into (jl.2p . we have 

(2.2) dtv = JH"{Un)v + 1 + R, 
where R = R\ + R2 and 

Ri = JH'{Un + v)- JH'{Un) - JH"{Un)v, 

N 

R2 = JH'{Un) - JH'{u,^^t){- - Xi{t))), 
1=1 

N 

I = - Y^{CidcUc,{- - Xi{t)) - {Xi - Ci)dxUc^{- - Xi{t))} . 
i=l 

Now we decompose v{t) into the sum of a small solution vi{t) to (jl.2p and a remainder term 
which belongs to and is localized around solitary waves. Let vi{t) be a solution to 

r dtvi = jH'{vi), 

1 Vi{{)) = Vq, 



(2.3) 



and V2{t) = v{t) — vi{t). By |201 Proposition 3], we see that u{t) — vi{t) remains in for 
every < a < 2mini<i<Ar K(cj^o) and i G M, where k(c) is a positive root of c = sinh«;/K. 
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Suppose Xi{t) and Ci{t) are of class C^. Then if u{t) = UN{t) + f + V2it) is a solution 

to 

r dtV2 = jH"{UN{t))v2 + m + R{t), 

\ V2{Q) = 0, 



(2.4) 



where R{t) = R{t) — JH'{vi{t)) + JH"{UN{t))vi. Our strategy is to derive modulation 
equations on Xi{t) and Ci{t) and d priori estimates on V2, Xi and Q (1 < i < N) to prove 
that u remains in a tubular neighborhood of Ai in P. To prove convergence of speed pa- 
rameters Cj(t) (1 < « < N), we need to estimate V2{t) in an exponential weighted space. 
Since e~^^^^^(*^||u2(i)||;2 may grow as t — t- oo due to the interaction between vi{t) and soli- 
tary waves Ucj(- — Xi(t)) {i > 2), we will decompose V2{t) into a sum of N functions V2k 
{1 < k < N) such that each V2k{t) remains small in a weighted space 



Xk{t) = lve ll, : \\v\\x,it) = ^e^^^("---+-'=W)b(n)|2 < oo 
[ Vnez / 

Let Qk{t) ■ la ^ be an operator defined by 

Qk{t)f = f- Yl {»^{f)^xncS■ - xi{t)) + m)dcUcS- - x,m 

N+l-k<i<N 

for a > 0, where ai{f) and /?«(/) (i = 1, • • • , A'') are real numbers satisfying 

{Qk{t)f,J-^d^,u,^{--Xi{t))) = {Qk{t)f,J-^dcUc,{--Xim =0 
for N + 1 - k <i < N and let Pfc(t) = / - Qfc(t). We remark that if a > 0, 



(2.5) J 



-1 _ I /^k=-oo 
1 



(2.6) 



is a bounded operator on because ||e ^u||;2 = e "||ti||;2 and that J ^dcUc and J ^dxUc 

— a —a 

belong to /^^ for any a G (0, 2k(c)). 

Let V2k{t) {1 < k < N — \) he a. solution of 

J dtV2k = JH"{Uk)v2k + h + Qk{t)JRk, 
\v2k{0) = 0, 

where wq = vi, Wk = vi + il<k<N), 

Rk = H'{Uk + Wk) - H'{ucj,+^_^) - H'{Uk-i + Wk-i) - H"{Uk)v2k, 
lk= ^ {aj,kdcUc^ + /3j^kdxUc^), 

N+l~k<j<N 

and aj^k and /5j,fc + i — k<j<N, 1 < k < N — 1) are continuous functions that will be 
defined later. 
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Let V2N{t) = V2{t) — X]i<i<Ar-i ^2i(0- To fix the decomposition (|2.ip . we will define Cj(t) 
and Xi(t) {1 < i < N) so that 

(2.7) {v2N{t),J-^d^u,^(^t){--x^{t))) =0 foTi = l,--- ,N, 

(2.8) {v2N{t),J-^dcU^^^t){--x,{t))) =0 for i = !,••• ,Ar. 

By ([22]), (1131) and ([Ml), 



5tz;27V =J i^H'iUN + v) - J^i^'(ncJ -H'{vi)^+l 
(2.9) - J] {JH"{Uk)v2k + Qk{t)JRk + Ik) 



k=l 

N-1 



--JH"{Un)v2n + JRn+Y1 iPk{t)JRk - Ik) + I. 



k=l 



Let Ak = (Aij) i=N+i-k,...,Ni ' = i^lk^^lk) and 

^ j=N+l-k,...,N-^ 



^ e^{dcUcj,J-^dcUc,) £~^{dxUc^,J-^dcUc^) j ' 
Flf, = e-^{v2k, {H"{Uk) - H"{uc^))d^u,^) 
+ e'^^iixj - Cj){v2k, J'^dlucj) - Cj{v2k, J'^dcdxUcj)}, 
Flk = e-\{v2k, {H"{Uk) - H"{u,^))dcu,^) 
+ £~^{ixj - Cj){v2k, J'^dcdxUcj) - Cj{v2k, J'^dlucj)}. 
If Oij^kit) and /3j^k(t) are chosen to be a solution of 

(2.10) "'"M =(F,k) 

\ '^''^ / N+l-k<j<Ni 
then V2k (1 ^ k < N — 1) satisfy secular term conditions. 

Lemma 2.1. Suppose that Xi(t) and Ci{t) (1 < « < N) are of class on [0,T] and that V2k 
{l<k<N-l) satisfy ([M]) and (fZTOD for I < k < N - 1 andte[0,T]. Then 

(2.11) {V2k, J~^da:Uc,) = {v2k, J'^dcU^^) = 

for every N + 1 - k < i < N , 1 < k < N - 1 and t e [0,T]. 

Proof. First, we recall that H{uc{- — ct)) does not depend on t and 

(2.12) {d^uc, J-^d^Uc) = --{d^u,, H'{uc)) = \^H{u,{- - ct)) = 0, 

c dt 

(2.13) {dxUc, J'^dcUc) = -{dcUc, J'^d^Uc) = --^H{uc) > 0. 

c ac 
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Differentiating ()1.3p with respect to x and c, we have 

(2.14) cdluc + JH"{uc)dxUc = 0, cdcd^Uc + JH"{uc)dcUc = -d^Uc- 

Using (US]), (mH), J* = - J and the fact that J'^d^Uc^ and J'^dcUc^ {N + I - k < j < N) 
are orthogonal to the range of the projection Qkit), we have for + 1 — /c<j<A^ and 
1 < A; < iV- 1 

^(■V2fc, J~^dxUcj{- - Xj{t))) 

={JH"{Uk)v2k + lk + QkJRk, J'^d^Uc^) 

- Xj{v2k, J'^dlucj) + Cj{v2k, J'^dcdxUcj) 

={lk, J-^d^Uc^) + {V2k, {H"{u,^) - H"{Uk))dxUc^) 
+ Cj{v2k, J~^dcdxUc^) - {xj - Cj){v2k, J'^dlucj) 

N 

= ^ {ai,k{dcUci,J~^dxUcj)+Pi,k{dxUci,J''^dxUcj)) 

i=N+l-k 

- {v2k, {H"{Uk) - H" {ucJ)dxUcj) 

- {xj - Cj){v2k, J'^dlucj) + Cj{v2k, J~~^dcdxUcj), 

and 

^{v2k,J~^dcUc^{- -Xj{t))) 

= {JH"{Uk)v2k + h + QkJRk, J'^dcUc^) - Xj{v2k, J'^dxdcUcj) + Cj{v2k, J'^dluc^) 

= {lk, J'^dcUcj) + {V2k, {H"{Uc^) - H" {Uk))dcUc^) + (U2fc, J'^dxUcj) 

+ Cj{v2k, J'^dluc^) - {xj - Cj){v2k, J'^dcdxUcj) 
N 

= ^ {ai,k{9cUc,,J'^dcUc^)+Pi^k{dxUcoJ~^dcUc^)) 

i=N+l-k 

-{v2k,{H"{Uk)-H"{Uc,))dcUc^) 

- {Xj - Cj){v2k, J'^dcdxUc.) + Cj{v2k, J~^dluc^) + {V2k, J'^dxUc^). 

In the course of calculations, we abbreviate Mcj(t)(" ~ ^i(^)) ^ ^Cj- Substituting (|2.10p into 
the above, we have for + 1 — A;<j<A^, 

^{V2k{t), J^^dxUc^) = 0, ^{V2k{t), J'^dcUcj) = {V2k, J'^OxU^^). 

Since f2fc(0) = 0, we have (l2lTD for every 1 < j < iV, iV + 1 - /c < /c < iV - 1 and t G [0, T]. 
Thus we complete the proof. □ 

Next we will derive modulation equations of xi and q so that V2n satisfies (|2.7|) and (|2.8|) . 
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Lemma 2.2. Let u{t) be a solution of (jl.2p and vi{t) he a solution of (j2.3p . There exist 

positive numbers L, eq and 5 satisfying the following: Suppose e E (0,eo); ^^^^^ o.nd Xi{t) 
{i = 1, - ■ ■ ,N) are -functions satisfying (j2.7p and ()2.8p on [0,T] and i/iai 

max sup {\ci{t) - Cj,o| + \xiit) - Ci{t)\) < 5e^, 

l<«<Afte[0,T] 

min inf (2;,-4_i (t) — Xjit)) > e~^L, 

l<i<iV-U6[0,Tr n 77 - 

sup + V ||t'2fc(t)IUfe(t)nW'(t)) < 5ei 

Lei (T = ^e^^ min2<i<Ar(ci^o — Ci-i,o)- T/ien /or t G [0,T], 

^ |ci(t) ^1 - 9i{ci{t))-^{vi{t) + ^^2fc(t),Pc,(t))^ I 

Xi{t) - Ci{t) 



(2.15) 



A:=l 



(2.16) 



--0 (^^ (^\vm\wit)+Y.\\v2k{t)\\w(t^ + ,2^-A,(.A+i) 



where 9i{c) = dH{uc) / dc, pc = dx{cdx + J) {H'{uc) — Uc) and 

\\u\\w{t) = ||e-'^^^l"-^»WI/\||p, ||n|U,(t)ni^(t) = \\u\\x^{t) + \Mw{t)- 

l<i<N 

Remark 2.1. A solution of a system (g^]), ([22]), (I2121), ([^TTU]) . (IXT^ and (more precisely 

(|2.24p ) exists at least locally in time. If it satisfies an initial condition 

(2.17) vi{<d) = vi, t;2i(0) = ---=7;27v(0)=0, x,(0) = Xi,o, Ci(0) = q,o, 

then u{t) = Yld=i '^Ci{i){' ~ Xi{t)) + vi{t) + XlfeLi V2k{t) becomes a solution to (|1.2p and 

w 

To prove Lemma 12.21 we need the following: 

Lemma 2.3. Suppose that Ci{t) and Xi{t) be as in Lemma [i^.M Then there exists a positive 
constant C depending only on ki, - ■ ■ ^k^, Sq, S and Lq such that 

sup {\Ai,j\ + l^^^l) <C /or 1 < i,j,k< N. 
te[o,T] 
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Lemma 2.4. Suppose that Ci{t) and Xi{t) be as in Lemma \2.SX Then there exists a positive 
constant C depending only on ki, - ■ ■ ,ki\i, eq, 5 and Lq such that 

sup(||Pfc(t)||5(,2 )+e-i||Pfe(t)Jb(i2))<C forl<k<N. 

Proof of LemmalKM Let 6*2 (c) = {dcPc, l){dcrc, 1), 

Hci, Cj) = {dcPc,A){dcrc,A) + {dcPc,,l){dcrc,, 1), 



0-3 



'1 
-1 



, Biic) = -{ce)-'eiic)a3 + e%ic) 



0' 

1 0, 



B2{ci,Cj) = e'^93{ci,Cj) [^^ ^\ , B'i{ci,Cj) = -Bi{ci) ^B2{ci,Cj)Bi{cj) ^ 



By pl^ and I^J^ . we have An = Pi(q). Since 

Xi(t) - Xj{t) >Xi{0) - Xj{0) + / (ii(s) - Xj{s))ds 

Jo 

>s'^L + {cifi - Cj^Q - 25e^)t 
>ae'^t + e^^L for i > j, 
it follows from Claims [A.3I and lA.71 that 

P2(Q,c,) + 0(e-'=>(-'*+^)) ifi< j, 



By a simple computation, 

/Pl(ci)-1 P3(C1,C2) 



Bl{c2)-^ B3{C2,C3) 



B?,{ci,Ck) \ 



^i(cfc-i) ^ B-i{ck-i,Ck) 
Biic^r^ J 



\ o 

Next we prove that Bi{ci), Bi{ci)~^ and B2{ci,Cj) are uniformly bounded in e in the case 
where V{r) = e"" - I - r (the Toda lattice). By [28] , 

, . , coshj/tfx — 1)1 
qc{x) = - log , 

cosh KX 

Pc{x) = -cdxqdx), rc(x) = qdx + 1) - qdx), 
H{uc) = sinh2K — 2k.. 

In view of the above, we have (rc, 1) = 2k, {pc, 1) = —2kc and 

36 



(2.18) limiaey^eiici) = 12ki, \[me'^92ici) - ..... 



lim e^63{ci,Cj) 



72 
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Since the Toda lattice equation satisfies (HI), its 1-soliton solution satisfies (P4) as well as 
solitary wave solutions of (jl.2p . Thus we see that (j2.18p holds for (jl.2p with nonlinearity 
satisfying (HI) and that Bi{ci), Bi{ci)~^ and B2{ci,Cj) are uniformly bounded in e G (0,eo)- 

□ 



Proof of Lemma\2.4\ By the definition of Pk{t) and Cramer's rule, 



(2.19) 



\e {j,J OcUci) 



1 ^ 



.7 = 1 



^11 • • • A}j- . . . Alk 



Aki 



Akk 



+ 



An ... Alj ... A 



i=N+l-k,--- ,Ni 

Ik 



A. 



kl 



Akk 



where 



A 



e-^{dcUc^,J-^dxUc.^) e-'^if, J~^d^Uc,)d^UcA 
e^{dcUc,,J~^dcUc,) e~^{f,J'^dcUc,)dxUcJ ' 



We have 



1 1 the first column of A^JU + ||the second column of A?||;2 
<e'^{\\d^Uc^\\i2 +e^\\dcUc^\\i2 ){\\J-^ d^Uc^Wp + e^H J-^9cMc, ILj 

^ kie{xj-Xi) 



On the other hand, for m = 2z — 1, 2i, and n = 2j — 1, 2j, the (m, n) cofactor of An decays as 
^-kie(xj-xi) if ^ < Indeed, since the components of Aiij' decays as e~'^^^'^»'~^-''' if i' > j' , 
the (m, n) cofactor of An decays as 



max 

re6 



n 



exp 



-(/cie(x[(,(fc)+i)/2] -xp+i)/2])) < e '^i^^^' ^^-^ 



[(r(fc) + l)/2]>[(fc+l)/2] 



where © is a set of all permutations from {1, • • • , m — 1, m + 1, • • • , 2A^} to {1, • • • ,n — 
1, 71 + 1, • • • , 2A^}. Thus we conclude that Pk{t) is uniformly bounded in l"^^^. We see that 
||PfcJ||^(;2) = 0(e) follows immediately from (j2.19p and Claim lATTl 

□ 



To prove Lemma 12.21 we start with the following: 



ASYMPTOTIC STABILITY OF N-SOLITONS OF THE FPU LATTICES 13 

Lemma 2.5. Let u{t), vi{t), Ci{t) and Xi{t) (i = 1, • • • ,A^) be as in Lemma [KM Then for 
t£[0,T], 

N 



y^(£ ^\ci\ + \xi - Ci\) 



(2.20) 



i=l 



\\h\\p + WhWxkit) 



rs^ I 



l<k<N 



Proof. Differentiating ()2.1ip for k = N with respect to t and substituting ()2.9p and (j2.14p 
into tlie resulting equation, we have 

^{v2N,J~^dxUc^{- - Xj{t))) 
= {dtV2N, J'^d^Uc^) - Xj{v2N, J~^dluc^) + Cj{v2N^ J'^dAUc^) 
= {l - Yl J~^d^Uc^) - {V2N, {H"{Un) - H"{u,J)d^Uc^) 



(2.22) 



l<fe<Af-l 

N 
k 1 

=0, 



{Xj - Cj){v2N,J ^dx^cj) + Cj{v2N,J ^^A^c,) + ^^(Pfc Ji^fc, 9x 



and 



(2.23) 



^{V2N,J ^dcUc^{- - Xj{t))) 

--{dtV2N, J~^dcUcj) - Xj{v2N, dcd^^Uc^) + Cj{v2N, dluc^) 

--{I - Yl ^fc' J'^dcUc,) - {V2N, {H"{Un) - H"iUc^))dcUcj) 
l<k<N-l 

N 

- {Xj - Cj){v2N, J~^dcdxUcj) + Cj{v2N, dluc^) + ^(Pfe J-Rfc, dcUr. 



■J I 
k 1 

=0. 

By ^M, and (IXTni) . 

(2.24) V''""^/ i=l,-,Ni l<k<N-l V J j=N+l-k,-,m 

+ Ri + R2 = 0, 
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where 



■Ak = (Aj) i<i<Ni , = diag{6Ai)i<i<N, 

N+l-k<j<N^ 



R2 



=N+l-k,- ,Ni 

e-^{v2N, {H"{Um) - H"{u,^))d,u,^) 



l<i<Nl 



Since ||J ^||;2 = 0{e ^) and Xi{t) > xi{t) for any i>l, 
\SAi\ 

3 

<e"2||v2Jv(t)|Uiv{t) 

follows from Claim ETTl 

Let Rk = Rki + Rk2 + Rk3 and 

Rki = H'iUk + Wk) - H'{Uk + Wk-i) - H"{Uk)v2k, 
Rk2 = H'iUk) - H'{Uk-i) - H'{u,^^,_,), 

Rk3 = H'iUk + Wk^i) - H'{Uk-i + Wk.i) - H'iUk) + H'{Uk-i). 
Then by the mean value theorem, 

\Rkl\<{\wk~-l\ + \v2k\)\v2k\, \Rk2\<\UcM+i-k\Wk-l\, 

(2.25) 

It follows from Claim \KA\ that 



k 



\{Rki,d^Uc,)\ <e- ( \\vi\\w{t)+^\\v2i\\w(t) I \\v2k\\w{t), 

(2.26) 



i=l 

k 



\{Rkl,dcUc,)\ < \\vi\\w{t) + ^\\v2i\\w{t) \\v2k\\w{t)- 



i=l 



By Claims [AH and [131 

(2.27) K^fc2,9,n,J| <£'e-'=i('^^'*+^), 

(2.28) \{Rk3,d^u,^)\+e\Rk3,d,Uc:)\<e'2\\wk-i{t)\\w(t)- 
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Thus we have 
(2.29) 

By Claims [AH jAj and IXil 



N 



^ii < ^^^ikiWiii^(t) + E ii^2feik(t) +£V'=i(-'*+^). 



k=l 



(2.30) R2 = 0(e^||T;27v|k(i)e-'=^('^^'*+^)). 
In view of the definition of Fj^j^., 

(2.31) \Fj,k\ < e-te^^^(^''-+i-''-^^)||^;2fc|U,w(e'e~''"+^-^^""'*+''^ 
and it follows from ()2.10p , ()2.3ip , Lemma 12.31 and its proof that 



+ e "Icnl + \xi 



(2.32) 



N 

E ■ 

j=N+l-k 
3 ,, 



^fei£(xj-a;jv+i_fc)/'p-3| 



N 



j=N+l-k 

Combining ^OTM . ^OTM . (12301) and (iO^ll . we obtain (l2:20]l . Moreover, since 



j=l,--- ,k^ 



we have 



l<k<N 



l<i<Ni 



N 



(2.33) 



k=l 



e ^{Rk3,dxUc, 



i=N+l-k,--- ,Ni 



+ e-' 



Pi 



l<A:<Af 

Substituting (I2.20j) into (j2.32p . we have (I2.2ip . Thus we complete the proof. 



□ 



The right hand side of (j2.33p is not necessarily integrable in time. We will use normal form 
method to retrieve bad parts from this term to prove convergence of speed parameters Ci{t) 
[1 < i < N) as t ^ oo. 

Proof of Lemma \2.2[ By Claim IA.41 

Rk3 ={H"{Uk) - H"{Uk-i))wk-i + 0{wl^,) 



(2.34) 



--{H"{Uc^^^_^) - I)Wk-l+ E 0{\Wk-l\i\Uc,\\Uc^\ + \Wk-l\)). 



N+l-k<i,j<N 
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Thus we have 

+ 0(e3||u;fe_i||H.(i)(|kfc-i||iy(t)+£ie-'=^(-'*+^))). 

and for i ^ N + 1 — k, 

(2.36) {Rk^,d^u,:) = 0(e=^||«;,_i||H.(t)(|kfc_i||p^(i) +£ie-'=i(-'*+^))). 

By (HSI), 

J^{VI, Pc^(t){- - Xi{t))) 

^'^■'^^^ ={JH'{vi),pc,) - Xi{vi,d^pc,) + Ci{vi,dcPc,) 

= - {vi, iadx + J)pc,) + 7^4, 

where 

TIa = {J{H'{vi) - vi),pc^) + Ci{vi,dcPci) - (xi - Ci){vi,dxPc,)- 
For i < iV — A:, it follows from ()2.6p that 

^{V2k,pc,(t)i- - ^iit))) 
(2.38) ={JH"{Uk)v2k + h + QkJRk,Pc,) - Xi{v2k,dj:Pc^) + Ci{v2k,dcPc,) 

= - {V2k, {Cidx + J)Pc,) + ■^S, 

where 

■^5 ={h,Pc,) + Ci{v2k,dcPc,) - {Xi - Ci){v2k,dxPc,) 
- {V2k, {H"{Uk) - I)Jpc^ + {QkJRk.Pc^. 

By Claim lATSj we have pc^ ^ ^-a^ ^-a ^ ^ (0) 2/!;ie) and 

<e^(|i* -qI +e-'|ci|)||z;i||T^(i) +0(e='||7;i||^(,)) 

l<i<fc-l 

Let = mini<j<Ar ||e''i^l'"^^WIii||p. By Claims IAH and IA.31 

\{v2k, {H"m - i)jpcM <\M\wit)m"m - i)jpcA- - x^m\w(t)' 

<ele-^^'^^^^^-'^~^^^\\v2k\\w(t) 
<ele-'-^^^''+^Hv2k\\wit). 
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By Claim ED and i^M), 

\{lk,Pc,)\< ^ \aj,k{9cUc,,Pc,) + Pj,k{^xUc,,Pc,)\ 

N+l-k<j<N 

N+l~k<j<N 

N+l-k<j<N 

By ([2:25]) and Claim \AM 

\{QkJRk,Pc,)\ <eHv2k\\w(t){\\vi\\wit) + E lb2.|liy{t))+^'e-'=^(-'*+^) 

l<i<fc 

l<i<fc-l 

Combining the above with Lemma 12.51 and Claim lA?5l we have 

(2.40) \n,\<{\\v,\\w(t)+ E lb2.|k(t))' + eV'=^^-'*+^). 

l<i<k-l 

In view of Lemma [23] and (fOSD - fjTiOl) . 

(i/"(Uc^^i_J - ^)'9x•^^c^r+l^fe> + ^(«^fc-l'Pcjv+i_fe(- - XN+l-k)) 

(2.41) . ^ .2 

<e' Uvi\\wit) + Yl\\v2k\\xMnwit)j + 

Since -Bi(cj) and B2{ci,Cj) (1 < j < A^) are lower triangular matrices, it follows from Lemma 
[231 ([2:20]) and ([TITTl that 



(2.42) eS + S'^» = '^" 

where c(t) = *(ci(t), • • • ,CN{t)), 

^(t) = diag (-M^^ , 7^6=((u;^_.,/>,)) 

Thus we have 

(2.43) ^ (c + s-l7^6) = s-'7e7 + iiiB)-') 7^6. 
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By ([238]) . (|2:20D and the definition of B, we liave l^-^l + \dcS\ = 0(e"^) and 

1^1 < Yl 



l<i<N 



\\vi\\wit)+ E IMwit) +sV^^(-^*+^). 



l<k<N 

Since |7^6| < ||^^(^) + X;i<fc<^ Ib2fc||w(t)) by Claim |A^ 

I V 

y i<fe<Af / 

Combining tlie above with (|2.43p . we obtain ()2.15p . Thus we complete the proof. □ 

3. Energy identities and virial identities 

First, we will estimate energy norm of v{t) and V2k{t) by adopting an argument of [6] that 
uses the convexity of Hamiltonian and the orthogonality condition (j2.7p . 

Lemma 3.1. Let u{t) be a solution to (II. 2j) satisfying u{0) = X]i<i<Af o(' ~ ^o,i) + vq 
and let q^o (^^'d be as in Theorem Then there exist positive numbers Sq, 6, Lq and 
C satisfying the following: Suppose £ G (0, eo); ihat V2k (1 < ^ < N) satisfy (j2.1ip for 
N + 1 - k < i < N and t £ [0,T], and that 



sup le ^\ci{t) - Cifi\ + y^ e ^\\v2k{t)\\i2 } < S, 
te[o,T] [ ^ J 

L = inf min e(xi^i(t) — Xi(t)) > Lq. 

te[0,T] l<i<N-l 

Then forte [0,T], 

(3.1) \\vi{t)\\i2 <C\\vo\\i2, 



N N-1 



(3.2) \\v{t)\\l < C |Q(t) - col + e2{\\vo\\i2 + 111^2^111^(4)) + HWp + e^e''"' 

\ 2=1 k=l 

\\v2k\\'{2<c(e J2 \ci{t)-co\+e^\vo\\i2 + \\vo\\p+s^e-''^A 

\ i=N+l-k J 

(3.3) f 2 

3 ^'"^ ( ^ \ 

+ C < £2 ^ ||t;2i||Ty(i) + £^ I |bl||L2(o,T;iy{t)) + X] lk2i||L2(o,T;iy{t)nXfe(t)) 1 
i=\ \ i=\ j 
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Proof. Since H(vi{t)) = H(vq) for t £ M, there exists a nondecreasing function C(r) such 
that ||t'i(t)||i2 < C(||fo||p)||i'olb2'2- Thus we have (|3.ip . 

By (P2), there exists a positive constant C' independent of e such that 



5H:=H{u{t))- H{u,^,) 

l<i<N 

=H{UNit) + vit))- ^ Hiu,^,) 



l<i<N 



=h+h + -{H"{Un)v,v) + 0(1^11^2 ) 

>C'\\v{t)\\l+h + l2, 

where h = {H'{Un),v) and h = H{UN{t)) - ^^^^ i/(uc,,o)- By (EH) and (EH]), 
{H'iuc^(t){- - Xiit))),v{t)) = - Ci{v{t), J-^d^u^^(t){- - Xt{t))) 

= - Ci{wN-i{t), J"^53;Mc,(t)(- -Xi{t))). 

Hence it follows from Claims [A.3I and lA.41 that 



|/i|< 



l<i<N I 

+ Yl \ciit)\\{wN-iit),J~^d^u^.(^t)i--Xiit)))\ 



l<i<N 



<\Ht)y 



H'{UN{t))- Y i^'K,(t)(--x,(t))) 

l<j<Af 
N-1 \ 

+ \A\Mt)\\w{t) + Y \Mt)\\w[t)j 



N-l 



i=l 



\h\< Y I^K,w)-^K„o)| + 



l<i<N 



H{UN{t))- Y 



l<j<Af 



l<i<N 



l<i<N 
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Since H{u{t)) does not depend on t, we have \SH\ < \L^\ + II4I , where 

h=H{UN{0) + vo)-H{UN{0)), 
h=HiUNm- Yl ^Ko(--x.,o)). 

l<i<Ar 

By the assumption and CIaims lA.il and lA.3l 

I/3I <Ki^'(^^(0)),^o>| + OdbollfO < et|bo||p + ||^o||?2, 
I/4I <£=^e-'=^^. 



Combining the above, we conclude (j3.2p . 

Finahy we will prove ()3.3p . By (j2.3p . (j2.6p and the definitions oiUk, 



(3.4) + liifc) = JH'{Uk + Wk) + Ik + ^ih - PiJRi), 

i=l 

where 4 = YliLN+i-ki^i^cUci — {xi — Ci)dxUci). Since J is skew-adjoint, it follows from ([3 
that 

d I fc \ 6 

(3.5) -H{Uk + Wk)=l H'{Uk + Wk), Ik + Y.^k- PiJRi)) =^//i, 

\ i=l / 1=1 

where C/fc,irit = H'{Uk) - Ya=n +i-k {uc,) and 

k k N 

Ih=J2{H'{Uk + Wk),k), Il2 = -J2 E {H'{u,^), PiJRi), 

i=l 1=1 j=Ar+l-fc 

fc k 

Ih = -Y,iUk,inuPiJR^), Ih = -Y,iH'{Uk + Wk)-H'{Uk),PiJR^), 

i=l i=l 
N N 

Ih= {H'{uc^),lk), Ih = {H{Uk + Wk)- Yl H{u,^);h)- 

j=Ar+l_fc j=N+l-k 

By ([2:2T]1 and the fact that \\H' {Uk + w^fc)||z2 = 0(ei), 

fc 



3.6 2 



fc=i 



ASYMPTOTIC STABILITY OF N-SOLITONS OF THE FPU LATTICES 



21 



Next, we will estimate 1/2- Using ()2.25p and the fact that {PiJ)*H'{U(..) = CjO^Ucj for 
j > iV + 1 - i and {PiJ)*H'{uc-) = 0(e3e-'=i^l^A^+i--^il) for j < iV - we have 



k N 

Ih = -^ ^ Cj {Ri3 , dj^i 

1=1 j=N+l~k 



k-l N 
i=l j=N+l-i 

\ i<j<fc 

N 

= - ^ Cj {wN-j , {Cj + J)pcj ) 
j=N+l-k 

\ l<i<k 



Secondly, we will estimate 1/3 and II4. In view of (|2.19p . Claim lA.ll and the proof of 
LemmaEH we have \\PJ\\B{w{t),w{ty*) = 0{s), \\PJu'^\\w{t)* ^ II^IIh/w Hence it follows 
from (fOS]) that 



(3.8) 



I//3I <\\Uk 

i=l 

/ k \ 2 

-2 



i=l 



k 

\Ih\ <\\Wkit)\\w{t) Yl \\PiJ^i\\w{t)* 



i=l 

^2 



(3-9) <e2 \\wk\\w{t){\\vi\\w{t) + \\wk\\w{t)y 



i=l 
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By dm]), ([233]) and Claim |X1 

Ih = Yl {^i(Q)Q + 0(e-^'i('^^'*+^)(£|Q|+£4|x,-Q|))} 



l<i<fc 
N 



(3.10) = E ei(Q)c, + 0(e^e-^'^(-*+^)) 

^2i|lxi(t)nvi/{t) 



By (ESQ]), 



(3.11) 



l^-^el <(||t^fc,mt||/2 + \\wk\\w{t))\h\\wit)* 



N 



i=N+l-k 

N 

-ki{cje^t+L) 



k=l 

Using (|2.37p and ()2.38p and following the proof of Lemma 12.2] we have 

(3.12) n, + n^ = oLH\\vi\\wit)+ E Mwrnx^f + e'e-'^^^'^^'^+'^A. 

\ l<i<N J 

By ([33]), (IHSD, ([3TT]) and (f3J2]l . 

^i/(?7fe + Wk) 

(3.13) / iv X 

( ll^illW) +E(ll^2fc||^(,) + Ih2.||^,(,))j +e6e-'^i(-^*+^). 

Integrating (j3.13p over [0,t], we obtain 

H{Uk{t) + Wk{t)) - H{Uk,o + ^'o) 

(3.14) I zl 2 2 -k.hW 

=0\e M|'yi|lL2(o,T;Vl/(t)) + E ll''^2j|lL2(o,T;Xi(<)nW'(t)) + ^ //' 

Using the convexity of the Hamiltonian, we conclude 

wmi < e E i^^w - ^oi + ^^ii^oii'^ + ii^oii'^ + ^'^"''"^ 

N+l~k<i<N 

(3-15) . jy .2 

+ £2 ^ ||v2i||iy{t) \\vi\\L^0,T;W{t))+Y\\v2i\\L2{0,T;W{t)nX,{t)) 
1=1 \ j=l / 

from (|3.14p in exactly the same way as the proof of (j3.2p . Combining ()3.15p with (j3.ip and 
we obtain (13.31). □ 
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Since vi{t) is small, it moves slowly and will be decoupled from the A^-soliton part of the 
solution. The following is an analog of virial lemma for small solutions in Martel and Merle 
|17] and was used in [20] to prove orbital stability of 1-solitons of the FPU lattice equations. 
Here we confirm how coefficients of the virial identity depend on e. 

Lemma 3.2. Let vi(t) be a solution to (j2.3p . Let a > 0, x{t) be a -function and ipa{t,x) = 
1 + tanha(x — x{t)). There exist positive numbers £q, 6 and C such that if m.it>QXt > 
1 + kfe'^/2A and ae + ||fo||i2 < 6e'^ for an e £ {0,eo), then 



WMtV'Mtm + Cae' / II secha(- - x{s))vi{s)\\f2ds < ||V'a(0)5t;o||f2. 

Jo 

Proof. Let vi{t,n) = \ri{t,n),pi{t,n)), hi{t,n) = ^pi{t,n)'^ + V{ri{t,n)) and ■0a(i,x) 



a2 secha(2; — x{t)). By (j3.1 



V{ri{t,n))-lv'{ri{t,n)f 



< 



\vo\y\ri{t,n)\'^, 



\V'{ri{t,n)) - ri{t,n)\ < ||?;o||;2|ri(t,n)|. 
Using (|1.2p and the above, we have 



dt 



y^^ipa{t,n)hi{t,n) 



: Plit, n)V'{ri{t, n - 1)) (V-aC*, n - I) - M^, n)) + ^tM^, n)hi{t, 



n) 



(3.16) J^V^a(t,n)V(i, 



n) 



+ (1 + C'\\vo\\i2) Y iMt,n) - Mt^n- 1)) \pi{t, n)ri{t,n- 1)| 



n62 



il-C'\\vo\\i2)Y,Mt,n-lfriit,n-l)\ 



where C is a positive constant. 
Substituting 

^pa{t, n) — ipait, n — 1) = sinhasech a(n — x{t)) sech a{n — x{t) — 1) 

(3.17) 

=Mt,n)Mt,ri-l){l + 0{a^)) 



into (|3.16p and using Holder inequality, we obtain 
d_ 



for a C" > 0. Thus we have 



n 



d 
dt 



YMt,n)hi{t,n) < -C7e2^^/;^(t,n)2(pi(t,n)2 + ri(t, 



n) 
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for aC>0if(5>0is sufficiently small. We have thus proved Lemma |3.2[ □ 
Finally, we will prove propagation estimates on V2k- 

Lemma 3.3. Let u[t) he as in Theorem \1.1\ and let ipa,i{t,x) = 1 + tanha(a; — Xi{t)). Then 
there exist positive numbers Eq, 6, Lq and C satisfying the following: Suppose that 



(3.18) 



ae+ sup (||t;i(t)||,2 + V||r;2fc(t)||p| < 

inf min e(xi+i(t) — Xi(t)) > L, 
ie[o,T] i<i<iv-i ') - ' 



2^2 



min inf xAt) > 1 H — — 
l<i<N t(i[0,T] 24 

for e G (0, eo), L > Lq and T > 0. Then for t G [0, T] and 1 < k < N, 

1 3 
||V'a,l(i)21'2A;(t)|b2 +e2\\v2kit)\\L2(0,T;W{t)) 

<C (\\voy + X] ll^2*(t)||L2(o,T;X,(t)) + £^6"^^^ 
\ i=l 

Proof. In order to prove the lemma, it suffices to show that 



2 ^ 



\\'>Pa,l'l"ky + £2 \\Wk\\L^O,T;Wit)) 

(3.19) / k-i ^ N 

Slvoh + £2 \\v2k\\LH0,T;Xk{t)) + Yl ll^2i ||L2(0,T;14^{t)) + « ''^^ 
\ 1=1 / 

for 1 < A; < A^. Indeed, it follows from (j3.19p 



\\Va,lV2k\\l2 + £2 \\V2k\\L2{0,T;W{t)) 

3 

<Ha,lWk\\l2 + llV'aa^fe-lllp +e2(||wfc||L2(o,T;Vl^{t)) + l^fc-l || L2 (0,T;H/(t)) ) 

<||uo||/2 (\\v2k\\L^(0,T;Xt:{t)) + ll^^2 fc-1 ||L2(o,T;Xfe_i(t))^ 

fc-1 

3^r^„ „ 3 



+ £2 J]]||'t;2i||L2(o,T;W/{t)) +£2e ^'1^ 

<||?;o|b2 + eM X] ll^2i|lL2(o,T;X.W) + e-'''^ 



\\''^2i\\L^{0,T;Xi{t)) ( 
\i=l / 

Let u = ^{r,p), h{u) = ^p^ + V{r) and h'{u) = ^{V'{r),p), 



Hk,i = {h{Uk + Wk) - h{Uk) - h'{Uk) ■ Wk, '4>a,i)i'2 , 
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where • denotes the inner product in M?. Then 

= - Xi{h{Uk + Wk) - h{Uk) - h'{Uk) ■ Wk,ip'a,i)i2 

+ {H'{Uk + Wk) - H'{Uk),^aA{Uk + Wk)) - {H"{Uk)dtUk,iJa,iWk) 

= :I + II. 

By the mean value theorem, there exists a 6 = 9{t,n) £ (0, 1) such that 

I = -^{H"{Uk + eWk)wk,i^'a,iWk). 

Since \\Ukwl\\ii < e'^{\\v2k\\xk{t) + ll^^fc-i we have 

/ = -y(l + 0{\\Wk\\l^))\\i^a,^Wk\\l + 0(e^ ( || ?J2fc |U, (t) + \\Wk-l\\wit))^), 

where tpa,! = cl2 secha(a; — Xi{t)). By (j3.4p and the definition of Uk{t), we have 

/ k \ 



II = ( H'{Uk + Wk) - H'{Uk),A,iJH'{Uk + Wk) + J2 ^-Ak - PiJR^) 

\ i=l I 

N 

+ {R3,i^a,ilk) - Yl {i^a,iH"{Uk)Wk,JH'iUc,)) 
6 



i=N+l-k 

6 



i=l 



where R3 = H'{Uk + Wk) - H'{Uk) - H"{Uk)wk and 

Ih = {H'iUk + Wk) - H'{Uk),i'a,iJ{H'{Uk + Wk) - H'{Uk))), 

II2 = {Rs, ^a,iJH'{Uk)), II3 = {R3, ^l^ajk), 
k 

Ih = YiH'iUk + Wk) - H'{Uk),i^a,ih), 
i=l 

k 

Ih = -Y{H'{Uk+Wk) - H'{Uk),iJa,iPiJRi), 
i=l 

Ih = {H" {Uk)Wk,^aAJUk,int) ■ 

Using the Schwarz inequahty and ()3.17p . we have 

< \Ua,i{H'{Uk + Wk)-H'{Uk))\\l{l + 0{a'')) 
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as in the proof of Lemma 13.21 Since 

UaAH'{Uk+Wk)-H'{Uk))\\l2 
<ll^a,i?i'fc||/2(l + 0(||u;fc||/^) + 0(||V;a,i||/-||C/fctyfc||p) 

(1 + 0{\\wk\\i^)) + 0{e^{\\v2k\\x,it) + \\wk-^i\\w(i))), 
there exists a (5' > such that 



2 



I + II,<- ^ ' UaAWk\\'f2 + 0{e\\\v2k\\x,(t) + Wwk-iWwit)?) 

>^2\\J, „,, ||2 , r^^^3n\„. ii i ii„., ii 



< - 6'e'\\i^a,iWk\\t2 + Oie-\\\v2k\\x,{t) + \\wk-i\\wit)r) 
Let 



^ TV 



MwM = Yl lie ""'^^^'^Ib^, l|n||iy,(4)* = min ||e^i^l- ^»(*)lu||;2, 

i=Ar+l-fc 

^ TV 
'Wfc(i) II ll« ' II IWfcW j=7v+l-fe 

By Claim EH 

l^^2| < W^lWwUt) E ll'^^'^^llw^.W* < e'(ll^2fc||^,(t) + 



AT 



i=A+l-A: 

By (IZ20D, (fXTH]) and Claim [All 



l^^sl ^ll^illH?,(t)ll^''fcllw?,(t)* 



By 



<(ll^2fc||x, + lkfc-l||^{t)) J2 + \X^ - C^\e^) 

i=N+l-k 

<eH\\v2k\\h + \\^k-ifwit))- 



k 

\Ih\ <\\wk\\w^(t)^\\H\\Wk{t) 

i=l 

<£^{\\v2k\\Xk{t) + \\wk-l\\w(i)) 

N 

X ll^^2fe||x,.(i){e"^^^+e"^(lbl|lT4^(i)+X]ll^2fc||H/{t))} 

A;=l 

<e^||w2fc|U,{t)(lk2fc|Ufe(i) + Wwk-lWwit))- 
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3 

In view of (|2.19p and Claim lATTj we have l|-P>^ll5(vF^(t) Wk{t)*) ~ ^(^^) i < k. Thus by 

k 

\ih\ <\\H'{Uk + wk) - H'{Uk)\\w,it) E WPiJRiWwutr 

1=1 

<e^\\wk{t)\\w,{t) ^i\\Rii\\w,{t) + W^i^Ww.it) + W^i^Wmt)^ 

i=l 

\3 



<£H\\v2k\\x,{t) + \\wk-i\\w{t)y 

+ e^(ll^2fc||Xfc(i) + \\Wk-l\\w(t)f 



and 



<^^e-'=^('^^'*+^^(ll^2fc||x,(t) + Ikfc-illi^w) 
<^'(ll^2fclU,w + lk;t-ilk(t))' + e'e-2'=^(-'*+^) 

as in the proof of Lemma l3. II Combining the above, we obtain 

dHk i r/ 2ii 7 ||2 

+ d e \\ipa,iWk\\i2 

(3.20) / fc-i \2 

Integrating (j3.2Up over [0, T] and summing up for 1 < i < A;, we have 



^ !^Hk,iit) - HkM + UaAi)Mt)\\ldt 
[\e' (^ll-2.||^,(,)+Ell-2.|lW)) +.^e-2'=^(-^*+^)|dt. 



Since Hk^i = Wi^li^kW^i^ + O(||[/fc||/oo + ||u;fc||/oo)), we have (j3.19p . Thus we prove Lemma 
[331 □ 
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4. Proof of Theorem 11.11 

In this section, we will show a priori estimates on v\, V2k, Xi and Cj to prove stability of 
A'"-soliton solutions. Let 



IIi(T)=e-2 sup V {\ci{t)-Cifl\ + \±i{t)-Ci{t)\)^ 

N 

l2(T)=e-3V sup \\v2k{t)\\l, 

tr[0<t<T 

3 

h(T) = e"2 sup ||wi(t)||/2 + ||fi||L2{o,T;iy{t))> 

0<t<T 

h{T)= V (e-i sup 

hiT) = ^ (^"2 ||ti2fc||Loo(o,T;Xfc(t)) + ll^2fc||L2(o^T;Xfe(t)) 
l<fc<Af 



Lemmas 12.21 13-1] 13.21 and 13.31 imply a priori bound on Mj (1 < ? < 4) by ||vo||//i and 
Lemma 4.1. There exists a positive constant 5 such that if 



'ki£,lV2k{t)\\p + \\'"2k\\L^(0,T;W(t)) 

0<t<T 



\vo\\i2 +et^Mi(T) < fet; 



(4.1) Mi(T) < e-l\\vo\\i2 + M5(r) + 6"*^^^, 

(4.2) M2(T) < e-i |bolb2 + M5(r) + e'^^^, 

(4.3) M3(r) <e-i||7;o|b2, 

(4.4) M4(T) < e-i||t;o|b2 + M5(r) + 6"*^^^. 
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Proof. It follows from Lemma 12.21 that for t G [0,T], 
N 

\ci{t) - Cifii 

i=l 

N N-i 
i=l k=l 

(4.5) Jo [ " tl J 

1=1 

2(2 ^2 -fc l\ 

+ |^ll^l|lL2(0,T;Vy(t)) + E ll^2/c|lL2(o,T;Xfc(t)nW(t)) +^ ^^'^1 



<e2 |M4(r) + (M3(r) + M4(T) + M5(T))2 + g-'^i^} , 



and 



(4.6) 



AT 



\xi{t) - c,{t)\ <e5 \\vi\\w(^t^+Y,Uk,e,i{t)-^V2i{t)\\i2 +e2e-^i^ 



;e^(M3(T) + M4(r) + e"''!^). 
Lemmas EH [32] and imply g3]) , gS]) and 

(4.7) M2(r)5 < Mi(t)5 + £-1 ||^;o||5 + e-^i^ + M3(T) + M4(r) + M^iT). 

Substituting and into ([i3|) - (|I771) . we obtain ([Q]) and (02]) • Thus we prove Lemma 

KB □ 

Now we will estimate M5(T). 

Lemma 4.2. There exists a positive constant 5 such that if 

5 

||volb2 +e^E^*(^) ^ ^^^^ 
1=1 

i/ien M5(T) < e"! ||vo||z2 + e"''!^. 



To prove Lemma [4.2t we need the following exponential stability result of A;-soliton solutions 
(1 < /c < N). 

Lemma 4.3. Let Xifi{t) = dfit + Xi^ and Uk{t) = J^iLw+i-k'^c.^oi' ~ ^ifii'^))- -^et C = 
*(Ci,C2) e C1(M2), J^nC G L^T), Fi, F2 G C([0,oo);/2^J and /ei w;(t) G Ci(M;/2^J be a 
solution of 

(4.8) dtw{t) = JH"{Uk{t) + C(t))w^(i) + Fi{t) + JF2(t). 
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There exist positive numbers Eq, Lq, 5i, 82, M and b satisfying the following: Suppose e G 
(0,eo)) < Ti < T2 < cxD and that 

inf mill e(xj n — Xj^i n) > Lq, 



and 
(4.9) 



sup sup(|Ci(t,2;)| +e ^\dxCi{t,x)\) < 6ie^ , 

ie[Ti,T2] xeR 



£-1 1 {w{t), J'^d^uc, , (• - Xi,o{t)))\ + et I (wit), J-^dcUcS- - Xifl{t)))\ 



for N+1 — k<i<N and t £ [Ti, T2] . Then for every t, ti S [Ti, T2] satisfying t > ti, 

\\e^M-=^N+i~k,o{t))uj{t)\\i2 

ft 

„t 

+ Me-5 / (t-s)-|||e^'=i(-^^+i-'=.«(^»F2(s)||,2ds. 
Lemma 14.31 follows immediately from Lemma l5. 11 See Appendix [Pl 



Proof of Lemma \4-^ Let {tj}j>o be a monotone increasing sequence such that to = and 
supj>o[iji ij+i] = [0, T] that satisfies (|4.1U|) and (|4.13p below. We remark that tj+i —tj ~ e~^. 

To begin with, we will show that Lemma [4.31 is applicable provided 6 is small. Let Xij{t) := 
Xi{tj) + Ci,o(i - tj), hij{t) = Xi{t) - Xij{t) and Ukj{t) = YA=N+i-k'^c,^o{- - Xij{t)). Lemma 
14.11 implies that for t G [tj,tj^i], 

\hij{t)\ < / {\xi{s) - Ci{s)\ + \ci{s) - Cifi\) ds 
Jt, 

<e2Mi(r)(t,+i-t,). 
Thus there exists an ^2 > such that for t € [tj,tj^i], 
sup\Uk{t)-Ukj{t)\ 

X 

- ^ PxMc,,olk°°kj(0 - + sup \\dcU\\L'^\Ci{t) - Cifi\\ 

i=N+l-k \ ' |c-Q,o|<<5e2 J 

<A2e^mi{T){e'^{t,+,-tj) + l}, 
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and 

sup\dxUk{t) - dxUkj{t)\ 

X 

N I \ 

- X] [\\(^l'^Ci,o\\L°°\xi{t) - Xij{t)\ + sup \\dxdcU\\L°°\Ci{t) - Cifi\\ 
i=N+l~k \ |c-c,.o|<fe2 J 

Suppose 

(4.10) A26{1 + sup(tj+i - tj)} < 6i. 

Since sup^gj^^,^^^.^^] e\xi{t) — Xij{t)\ = 0{5), there exist positive constants ci and C2 such that 

for every t £ [tj,tj^i], j > and u G Hence it follows from Lemma 14.31 that for 

t £ [tj,tj+i], j >0 andl < k < N - 1, 

(4^11) + [^''"'^'^'^ {\Ms)\\x,(s) + \\[Qk{s\J\Ru\\x,is)) ds 

+ e-| f e-''"^'-'\t-s)--2\\Qk{s)Rk\\x,is)ds. 



By Lemma 12.51 



N 
i=l 



By UM. 



\\Rk\\xu{t) S\Rkl\\Xk(t) + \\Rk2\\Xf,{t) + \\Rk?,\\Xk{t) 

<\\v2k\\x,it){\\v2ky + ||t«;.-i||p) +eie-'=-+-'=(-'*+^) 
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Substituting the above inequalities and || [QfcCs), J] ||B(Xfc(s)) = 0{e) into ()4.1ip . we have 

\\v2kit)\\xk{t) 



+ Se' / e-''^'(*-^)(l + e-i(t-s)-^)||r;2,(,)|U^(,)ds 
+ j\l + e--^{t - s)-^)e-^^'(*-^) [\\vi{s)\\w {s) + E \Ms)\\wis) ) ds 



i=l 



where bi = min{^,-^^}. Applying Gronwall's inequality ([12' Lemma 7.1.1]) to the above, 
we see that for small 6, there exist positive constants Ci and C2 such that 

(4 12) rt ( ^=-1 \ 

+ C2et e-^i-'(*-^)(t-5)-i (ll«i(^)lll4^(.)+Ell^2^(s)||iy(.)jrfs 

for every t G j > and \ <k < N — \. Suppose that {tj}j>o satisfies 

(4.13) C7isupe-^i^'(*^+i-*^) < -. 

i>o 2 

Lemma 13.31 implies 

(4.14) sup \\v2^\w{t) < \\vo\\p + e^e-'"'^ + ely2\M\L\o,T;X,it))- 
By (|4.12p . ()4.14p and Lemma 13.21 there exists a positive constant C3 such that 

\\v2k{tj+l)\\Xk{tj+i) 



+ C2e3||e-^i^V^||ii(o,T) sup f |bi(t)||vy(i) + ll^2i(t)||Ty(i)^ 

ie[o,T] V y 

<^lb2fc(ii)||x,(t,) + C3 jll^olb^ + (^e-''^^ + ^ ||^2i(t)||L2(0,T;X,(t)) 
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SUp\\v2k{tj)\\x^{t,) 
j>0 



■J I ^ 



-kiL 



+ E 

i=l 



V2i{t)\\L2(0,T;X,(t)) 



Substituting the above into ()4.12p and applying Young's inequality to the resulting equation 
and using Lemmas 13.21 and 13.31 again, we have for 1 < < — 1, 

ll^^2fc||L2(o,T;Xfe{t)) 



<e-l 



k-l 



12 + e 



-kiL 



L2(0,T;Xi(t)) 



1=1 



k-l 



3 II h,f-3+ 1 I 



<e-l 



Li(0,T) 
k-l 



L2(0,T;VF(i)) + X] ll^2i||L2(0,T;Xi(t)) 



+ e-^'i^ + ^||t;2,||i2(o,T;X, 



(*))■ 



1=1 



Similarly, we have 



fe-i 



sup \\v2k{t)\\x,it) ^ Ibollp e-^l^ + J^||t;2i(t)||i2(o,T;X,W) 

ie[o,T] \ 



i=l 



by using (|4.12p and (|4.14p . Thus we conclude that for 1 < A; < iV - 1, 

(4-15) sup ||V2fclt;ilXfc(i) -^fc"^ ll'y2fc||L2(o,T;Xfc(t)) 



sup ||w2fc(i)||Xfc(i) + 

te[o,T] 



< ll7;JI;2 +e2e-'=i^. 



Finally, we will estimate |b2Af ||xjv(t)- Eq. ()2.9|) is transformed into 

j dtV2N = JH"{Un)v2N + In + QnJRn, 

\ V2n{0) = 0, 

where In = Pjv(t)(5t - J H" {U n {t)))v2N = -PN{t)v2N - PN{t)JH" {UN{t))v2N ■ Let 



(4.16) 



In 



Ni 
•2 

Nij 



1=1, ■■■ ,Ni 



i=l,---,Ni 



By (I2l9]> and (l2T4]l . we have 



1 ^ 



All 



^[j ■■■ AiN 



A 



Nl 



A 



NN 



+ 



All 
Ani 



A?, . . . AiN 



A2 



A 



NN 
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where 



Noting that 

1 1 the first column of Ajj||xjy(t) + ||the second column of A^j ||xjv(i) 

N 

fc=i 

and following the argument of the proof of Lemma \2A\ we have 

\\lNm\x^it)<e\^ + e-^''')\\v2Nmx^ity 

Thus we have 

sup \\V2N\\Xi^{t) + £^\\v2n\\l^ {0,T;Xn {*)) 

te[o,r] 

<\\vo\\l^ +e^e~^^^ + ^ lk2i||L2(0,T;Xfc(t)) 
l<fc<Af-l 

exactly in the same way as (j4.15p . □ 

Now we are in position to prove Theorem II. 1[ 

Proof of Theorem \l. 1[ Let {vi,V2i,-" ,^2X1X1,01, - ■ ■ ,xiy,CN) be a solution to the system 
(123]), i^M, dZS]), (l2ln]) . ([2:24]) satisfying the initial condition (pTT]) . It exists as long as V2k 
(1 < fc < N) and q remain bounded. Let 5 be a positive number given in Lemmas 14.11 and 
01 By (I236|) and (I2T7D . 

5 

||?;olb2 +e^5^Mi(0) =2||7;o|b2 + £-3 ^ |ii(0) - q(0)| 

i=l i=l 

If 6q is sufficiently small and L is sufficiently large, 

3 ^ 65 
||i;o|b2 +ei^Mi(0) < -ei. 
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Let T* = sup{ri > : \\vo\\i2 + et ^j'^i Mi{T) < fet for < T < Ti}. Lemmas O and SJ 
imply that there exists a C > such that 

5 

\\vo\\l2+elY,^^iT) <C{\\vo\\i2 +eV^i^) 

i=l 

<fet for < T < 

provided Eq, 5o are sufficiently small and L is sufficiently large. Thus we have = oo and 
()1.6p . We can prove ()1.7p and (jl.Sp in exactly the same way as [201 pp. 140-143]. Thus we 
complete the proof of Theorem 11.11 □ 



5. Linear estimate 

In this section, we prove exponential linear stability of small A'^-soliton solutions of (jl.2p . 
Let T = t/24, X = x-t and 

rN,e{t, x; k, 7) = ipN {T, X; ek, e^S) = ^^^N {e^T, eX; k, 7) , 
UN,eit,n;k,'-f) = \rN,sit,n;k,'-f),-rN,e{t,n;k,j)). 

Gardner et al. [10] tells us that an A^-soliton UM,e uniformly converges to a train of solitary 
waves Uci^{n — Ci^^t — e~^7i) (1 < i < A^) as t — )• c« (see also [H]). Since solitary waves of 
(II. 2p are approximated by KdV 1-solitons in the continuous limit ( [5] ) , n n,e is an approximate 
solution of (fOjl . 

The linearized equation of ()1.2p around u^^s has a similar exponential stability property 
as the linearized KdV equation (|1.10p if e is close to 0. 

Lemma 5.1. Let < ki < ■ ■ ■ < kN , C = {(1X2) e C^O^), ^nC, e L^T) and Fi, F2 e 
C([0,oo);/2^J. Let w{t) £ Ci(R;/^^J be a solution of 

(5.1) dtw{t) = JH"{uNAt^ •; ^.7) + C(t, ■))w{t) + Fi{t) + JF2{t). 

There exist positive numbers Eq, 5i, 82, M and b satisfying the following: If e £ (0,eo), 
suVt,x{\Ci{t,x)\ + e-'^\da,Ci{t,x)\) < 5ie2 and 

{\{w{t),J-'d^^UN,em+\{n^it),J-'dkMN,em) 

(5.2) i<»<^ 
<<52e5||e^'i=(-'=i'^*-""'^^)u;(t)||p 
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for 1 < i < N and t > ti, then for every t > ti > 0, 



ft 

<Me-*^'(*-")||e^'=i(-^i'-*i)u;(ti)||;2 +M / e-''''^^-''^\\e''''^-^'-'''^ Fi{s)\\i2ds 

Jti 

r-t 



Let 



l^l-e-^« )' ^^^^ - ^ l^-e-?/2 1 J' 
f#it,0 = e-''^^-'Hf+{t,0 + eTf_it,0), 

By the definition, is 27r-periodic in ^. Using JP(^) = — 2isin |cr3, we see that (15.1 
translates into 

dtf =ici,eU + e'''-'^P{0*MJH"{uN,s + Ow) - i + sin ^Ga) 



(5.3) 



i ( G2 + sin^Gs 



--Aef - i 



(Gi (t, + G3,+ (t, 0) sin I + G2,+{t, 
-(Gi(t,Oe-*«/2-G3,-(t,0)sin| + G2,_(t,0, 



where = diag(iA+^e, iA_^e) and X±^e{0 = ci,^^ =F 2sin(|) for ^ G [— 7r,7r]. By Parseval's 
equahty, we have 



< 



\\nk-Lef{t)\\L2(-n,7r)- 
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Thus to prove Lemma [STTl it suffices to estimate \\Tik-^£f{t)\\i2(jy 
To begin with, we wih show the lower bound of 9A-|-. 

Lemma 5.2. Let a G (0,2A;i) and 5 G (0,7r). Then there exist positive numbers K and Eq 
such that for e G (0,eo); 

+ ia)) = ^{(7? + ia)3 + Aki{i^ + ia)] + 0{e''{iif) for r? G [-2K, 2K], 



24 



e a 



9A+.e(e(r? + ia)) > ^rj^ for r? G [-25e-\-K] U [K, 26e-% 
lb 

QX+^si^iv + io,)) > ea{l — cos 6) for r] G [— vre^"^, —de^-^] U [fe^"*^, vre^"^] 
3'A_,e(e(7/ + ia)) > ea for ri e [— vre^"^, vre^"^]. 

Proof. Let = e(7/ + ia). For G [—2K, 2K], we have 

X+AO =£Ci,e(^ + m) - 2 sm 

^3^2 g3 

=-^(^ + i«) + ^(^ + «a)^ + 0{e\7] + m)5) 
=|^{(^ + ^a)' + 4A;?(r? + m)} + 0{e'{vf). 



Since 



A±,c(0 = eci,e(r/ + m) =F 2 ( sm y cosh y + z cos y smh — j , 



we have $5A_^£(^) > eci^eO > ea for 77 G [—ire ^,7re and 

■ ^ ^0, en 
^A_|_^£(4 j =eci^£a — 2 smh y cos y 



ea 



erj 



ea 



2 sinh — I 1 — cos — ) + eci — 2 sinh — 



3 

> — {l + 0{5'^))Tf + 0{e^) for 7?G [i^, fe-^] U -i^] 



ea 

SjA+^e(^) >2 sinh ~ cos 5) + eci^ga — 2 sinh y 



>ea(l -cos(5) +0(e3) for 77 G [-^e"\ fe'^] U vre"^]. 



□ 



We need the fohowing lemma to estimate the potential term of (j5.3p . 
Lemma 5.3. (1) Suppose f G L°°(M), J"„,/ G ^^(T) and g G ^^(T). T/ien 



< 



L2(T) 



(2) Zei < 5 < vr(4X;^=i A;^)"^ T/ien as e ^ 0, 



sup |f;v,.(t,6,7)-r7v,.(t,6,7))l =0(e--'^/^). 

t>0,SG[-7r,7r],7eM^ 
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See Appendix [B] for the proof. Now we start to prove Lemma |5.1[ 

Proof of Lemma \5.1\ (the former part). Since inf^gut"-*^ log le*^^^^"''*'^^^-'! < —e^ and is of the 
same order as the size of the potential term of (j5.3|) . Lemma 15.21 is not sufficient to prove 
exponential linear stability. We will decompose solutions into a high frequency part, a middle 
frequency part and a low frequency part. 

Let X ^iid X be nonnegative smooth functions such that x + x = 1 ^^nd xiO = 1 if G [—1) 1] 
and x(?) = if |.^| > 2. Let XbiO = x{C/b) and XbiO = xiC/b)- Let K be a large number 
satisfying Ke^ < 1, = C + ^^i^ a-iid 

= XKe{OU{t,Ce), /2,+ (t,0 = iXsiO " XKs{0)f+it,Ce), 

Then by (1^ . 

(G2,+(t,ee) + (G'i(t,e,) + G3,+ (t,C,))sin|) , 

- iiXsiO - XKeiO) [G2,+ {t,(e) + (Gi(t,6) + G3,+ (t, ^e)) sin | 

9j3,+(t,o =iA+,,(e,)/3,+(t,e) 

- (G2,+ (t,^.) + + G3,+ (t,ee))sin|) , 

+ i (^(Gi(t, e,)e'^ - G3,-(t, e.)) sin | - G2,_(t, 

Except for the low frequency part potential terms of the above equations are negligible. 
In the former part of the proof, we will estimate ||/2,+ ||l2 and ||/3||l2. 

Lemma 15.21 implies that QX-^si^e) ^ kie for ^ G [— 7r,7r] and that there exists a G (0, fci) 
such that 9A+^e(^£) > ae for ^ G suppxa- Using the variation of constants formula and 
Minkowski's inequality, we have 

ll/3,+ (t)llL2 <e-"^*ll/3,+ (0)||L2 

+ / e-°^(*-^)(||Gi(5,e.)||L2 + ||G2(5,e.)||L2 + ||G3(5,e.)||L2)d5. 
Jo 

Using Parseval's identity, we have 

\\G2is,mL^<e-''''''-mFi{s)y , ||G3(.,e.)||L2 <e-^w||i72(,)|| . 



ASYMPTOTIC STABILITY OF N-SOLITONS OF THE FPU LATTICES 



39 



Since ||rjv,£||L°° = O(e^), it follows from Lemma 15.31 that 

l|Gl(s,ee)||L2 <\\rN + Cl\\L^i\\f+is,mL^ + \\f-{'^,mL^] 



e\\\hAs)\\L^ + \\f2As)\\L^ + \\f3is) 



Combining the above, we obtain 

ll/3,+ (t)llL^ 

(5.4) <e-"^*ll/3,+ (0)||i2 +^*e— (*-)e-^i-^-^(||Fi(s)||,.^^ + \\F2is)\\r.Jds 

+ e' f e-"^(*-^)(ll/i,+ (^)llL^ + II/2,+ (^)IIl^ + \\f3is)\\L^)ds. 



Next we will estimate ||/2,+ (t)||j;,2. Noting that 9A+^e > kieS^ /16 and sin^ < |^| on 
supp(x5 — XKe) and using the variation of constants formula, we have 

ll/2,+(i)||L2 <||e-^/2,+(0)|U2 + fue~'-''^Gi{s,mL^ds 

Jo 

Since Id e le < {e{t - s)) 2e 32 for ^ G supp(x5 - XXe), 
II/2,+WIIl^ 



(5.5) 



<e-^^||/2,+ (0)|U2+ / e-^e e-'=^-^-^||Fi(s)||,2 ds 

Jo ''i^ 

+ e-2 / (t-s)-2e 32 e-^i^^i'="||F2(s)||,2 ds 

./n '=1^ 



+ ,| / (t-s)-^e-^"^^^^(||/i,+(.)||z.2 + ||/2,+ (.)|k2 + ||/3(.)||i2)d.. 



□ 

For the low frequency part, both the dispersion induced by discreteness of spatial variable 
and the potential produced by an A/^-soliton r^r ^ are the same order. We will show that the 
balance between the dispersion and the potential is described by the linearized KdV equation 
around an A^-soliton solution as was observed by [8] for a 1-soliton solution. 

We need that 'P(t) is uniformly bounded for r > 0. 

Lemma 5.4. Let < ki < ■ ■ ■ < k^, a G (0, 2ki) and tq G R. There exists a positive constant 
C depending only on k\, - ■ ■ ,k]\f and a such that if 4:kfTQ + 71 < • • • < + 77V, 

sup r(r)b(Ll) <a 

T>TO 
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To estimate ||/i,+ ||l2, we need to show that the low frequency part /i + approximately 
satisfies the secular term condition for a linearized KdV equation (jl.lip and (jl.l2p . Let 
Vi{t) = e''yT^f.2^V{T)T_^i,2^e~''^y and let /ij(T) be an L^(R)-function such that 

1 r^'^ 

h,{T,y) = -= fi^+{t,ev)e'y^dy for i = 1, 2. 

V2vr J-Tre-^ 

Lemma 5.5. Ifw{t) satisfies (j5.2p . then 

e5||Pi(r)/ii(r)||^2 < (e2+52 + i^-2)||r,fc,,/(t)||i2(Tr). 
The proof of Lemmas 15.41 and 15.51 will be given in Appendix O 
Proof of Lemma \5.1\ (continued). Finally, we will estimate Let r = e^t/24, ^ = erj and 



G4(t,e) 



1 



e*^i-*«r1^,(t,ei;fc,7)/#(i,e-6)dei, 



V2tT J-tt 

G5(t,e) = 



gici,,*? sin : 



2< 



■(c*T/#)(t,ee). 



Lemma 15.31 implies that for any > 0, 

Xk{v) ({Gi{t,Ce) - G,{t,Ce))sm^f - CeG,{t,^, 



J —TV 

^'^^(II^i||l2(R) + II^2||l2(ir)). 

Using Parseval's identity and the fact that sup^„ = 0{6ie'^), we have 



L2(-7r,7r) 



WxkG. 



5||L2(R) S 



e 2 llCi *T /#||l2(t) 



Since sin(e(ry + ia)) = |(r/ + m) + 0{e (rj) ) for r/ G [—K, K] and 



^^le (II^i||l2{R) + II^2||l2 



(5.6) 



by the definition of r7v,e, it follows that 

Xk{v) sm Gi{t,ie 



2 2 

<£^\\G4^{t,ie)\\L'^(-2K,2K) 



<r5 



L2(_2X,2X) 



<eH\\hi{T)h2r^) + \\h: 
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Let 



G6{r,y) = - —{dy - ki) {ipN{r,y + 4:klT;k,ef){hi{T,y) + /i2(t,?/)} 
= : Ge,! + ^6,2- 



By (m 



ie^{r] + iki) 



2V27r 



Since supp /ii(r, •) C [— vr/e, vr/e] for i = 1,2, 
G,(r,^) + fG,{t,i,) = ^ 



— 7T J —TV 



If e G [-2Ke,2Ke] and l^i ±vr| < \^\, we have f^e{t,^- ?i) = 0(e-^'/(8E^i fc^^)) and 



(fr. ie{r] + iki) 
<j^6 H 



Since 



for T] e [-2i^,2K], 



<e^(||/ii||i2(K) + ||/i2||l2(r)) for any > 1. 



A+,efe) = + ^^i){(^ + + + 0{e^{r^f)} 



24 



{dM - ^kl{dy - ki)hi + {dy - kifhi + 0{e'^hi)] . 



Combining the above, we obtain 

drhi + {{dy - kif - 4kl{dy - ki)}hi + 12(aj, - ki){ipN{T,y + 4.kjT)hi} 

(5.7) =2ie-''T-^{xKG^2 - XkG^i - iXKiisG^ + G'^ + G'3 sin |)} 
+ 0{e\h^ + h2)), 

where G'^{t,i^) := G2,+ {t,ie) and G^(r,r/) := G^,+ {t,i,). 



+ e"^ / e" 
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By diZD and Theorem [L2| 

mr)h,iT)h.<e'-'''^Q{0)h,mL^+e' re-'''t(---^\\\h,h. + \\h2h2)dn 

Jo 

^0 

(5.8) +e-' /%-3^?(^-^i)(T-ri)-^{e(||G'3||i2 + ||G5|k2) + ||(r?)-lC2llL2}rf^i 

<a(T) + r e-^'^?^^-^^)!^^ + s,{t - + k~Ht - nr^\\Q{n)hi{n)U2dn, 
Jo 

where 

a{T) = e-'''-\\QiO)h,{0)h2 

Jo 
Jo 

+ r e-3'=?(--i){e2 + s,{t- ri)-l + r-'Ht - nr-^}\\V{n)hi{n)U2dn. 
Jo 

Applying Gronwall's inequahty to (15. Sp . we have 

II Q(r)/ii(T) 1^2 <a(T)+ re-2'=?(--i)(T-Ti)-la(n)dri 

Jo 

if e, (5i and K~2 are sufficiently small. Now we use the following computation result. 

Claim 5.1. Let b>a>0, 0<a, I3<1, t>0 and g{t) he a nonnegative measurable 
function. Then 

e-^^'-'\t - s)-^ (^J^ e-"(^-")(s - r)-"5(T)dT^ ds 
< [\"'^'-'\t - s)'^-^"+'^'>g{s)ds. 







By Lemma 15.51 the definition of /12 and Claim ISTTl we have 



e-'''(^-^^){H-'l|G'2(ri)||i.+e-2(r-n)-i||G'3(n)||^.}dn 

+ e-l r e-2'=?(---^)(r - ti)-!(<53||/i,+ ||l2 + ||/2,+ ||l2 + ||/3||L2)dri, 
Jo 
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where S3 = (e^ +62 + i^~^)(e^ + 5i + K'^). Combining the above and Lemma [531 we obtain 

II/i.+WIIl^ <e-^||/i,+(0)|k.+54(||/2,+(t)||L. + ||/3(t)||LO 

^ k'^ £^ (t — s) 



(5.9) +/ e ^e-'=^-i-^{||Fi(.)||,2 + (t - ,^5 ||F2(.)|L. }ds 







where 64 = e + 62 + K ^. 

By ([53]) and ([0[) and the fact that 



13, ,1 fcfe^Ct-a) 



<K i{t — s) 4,6 12 



, , 3 3 1 1 fefe^(t-s) 

-ae(,t-s) < max{e"i(t - s)"4,e-2(t - s)"2}e 12 , 



we have 



(5.10) 



ll/2,+ (t)llL2 + ||/3(t)||L2 < e-^(||/i,+ (0)||,.2 + ||/2,+ (0)|U2 + 11/3(0)1^2) 

+ re-^^^4^^e-'=^-^-^{||Fi(.)||,2 +,-|(t-.)-|||F2(.)||,2 }ds 

3,,^_l 1, fel^^(*-^) , ,3 

+ £-i[K 2 +£2) e 12 (t - s) 4 

x(||/i,+ (s)||i2 + ||/2,+ (5)||z,2 + ||/3(5)||L2)ds. 

Let X(t) = ||/i,+ (t)||L2 +<54'^(||/2,+ (t)||i2 + ||/3(t)||L2). By §M and 

^(i) < ai(i) + '5|e* / e — (t - s)—^X{s)ds, 

Jo 



where 



ai(t) = e — —X{0) 

+ /"*e-^^^4^^e-'=i-i-^{||Fi(.)||,2 +e-|(t-.)-|||F2(.)||,2 



/o 



Applying [121 Lemma 7.1.1] to the above and using Claim [STTj we obtain 

Xit) <ai{t)+e'i /'*e-(S+0(4))^'{t-^)(f_s)-|ai(s)ds 

(5.11) 33 ^ 

<e-^X(0)+/" e-^'^4^^{||Fi(s)||,2 + e"^ (t - s)"! ||F2(5)||,2 jds. 

Jo ''i'^ '''1^ 

Thus we prove Lemma l5. II □ 
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6. Exponential stability property of KdV N-solitons 

In this section, we will prove linear stability property of an A^-soliton solution of KdV 
equation (jl.9p . We find that linear stability of an A^-soliton in L'^(M.) is equivalent to that 
of an {N — l)-soliton connected by the Backlund transformation (16. 2p and it turns out that 
exponential stability property of A^-solitons in iva(M) follows from that of the null solution. 

First, we recall the Backlund transformation of KdV. If n is a solution of (jl.9p and v{t, x) = 

(6.1) dtv + d^v + 6{v^ f = for X G M and t > 0. 

Eq. ()6.ip admits a Backlund transformation determined by the equations 

j d^{v' + v) = - {v' - vf 
^^■^^ i dt{v' + v) = 2{v' - v)dl{v' -v)- A{{d,v'f + {d^v'){d,v) + {d^vf}. 

If V and v' satisfy ()6.2p and v is a solution of ()6.ip , then v' is necessarily a solution of (16. ip 
To begin with, we recall that the Backlund transformation (16. 2p creates a 1-soliton solution 
from the null solution and an A^-soliton solution from an [N — l)-soliton solution (see [29]). 
Let < fci < • • • < fc™ = (A:i, • • • , A:„), 7- = (7^ , • • • , 7-), ^™ = k,{x - Akft - 7-), 



Cn 



[exp(-E.=i^f) if"^ = 0, 

A„ = i exp(- E^=™+i Of) det(/ + C^) if 1 < m < iV - 1, 
[det(/ + C7jv) ifm = A^. 

Then v"" = 9^1ogA„ (0 < m < A^) is a solution of and ipm{t,x;k"',f"') := S^logA^ 
is an m-soliton solution of (|1.9p (see [TO]). 

An m-soliton solution is connected to an (m — l)-soliton solution by (j6.2p . 

Lemma 6.1. Suppose 1 < m < N and that 

(6.3) ^r'=ir + ^loJ^^) forl<^<m-l. 
Then 

(6.4) d^iv"^ + v""-^) = kl- iv"" - v'^-^f. 
Proof. By the definition, 

(6.5) v'' = -Y,h and = -J^k, - - 
and (16.41) is true for m = 1. 



i=l i=2 - c 
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Let m > 2 and let Q™- be the cofactor of / + Cm- Following the argument of [101 

p. 121], we have 

det(/ + C™) det(/ + C™) Am ' 

whence 

(6.6) v'^-^-v^ = d.logi^m. 

On the other hand, Theorem 3.2 in [lOj implies that 

Thus we have 

d^iv"' + v^-^) =dl log + 2dl log 



□ 



m 



Now we linearize the Backlund transformation (16. 2p around v = and f' = . Then 
we obtain a linearized Backlund transformation 

(6.7) a^.(u;™ + w"^^^) = -2(t;'" - v'^-^){w'^ - w'^'^). 
The semiflows generated by 

(6.8) dtw"^ + dlw"^ + 12(a^.t;'")(a^u;™) = for x E M, 

(6.9) dtw"^-^ + a^u-"-^ + 12(a^t;'"-i)(a^u;™-^) = for x G M, 



leave the linearized Backlund transformation (16. 7p invariant. Note that (j6.8p is a linearized 
equation of (|6.ip around u"^ and the adjoint equation of (|1.9p if m = and dxVm = Vn- 

Lemma 6.2. Let a > 0, to e R and let vf^ , G C((-oo, to]; -^^^a(I^)) solutions of 

(16. Sp and ()6.9p . respectively. If (16. 7p /loWs at t = to, it holds for every t < to- 



Before we start to prove Lemma 16.21 we remark that linearized equation of (16. ip around 
is well posed in L^^ (see e.g. [I5]). 



Lemma 6.3. Let a > 0, G L^^(M) and to 6e a real number. There exists a unique solution 
of 

( dtw + dlw + {dxv'^)dxw = forx£Randt< to, 

\ w{to) = if, 

in the class C((— oo, to]; 
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Proof of Lemma \6.2[ Let 

By (|6.8p . (|6.9p and the fact that and are solutions of (j6.ip . we have 

+ 24(t;r - + 12(t/^"^ - w^-^){v^-^f - {v^f). 

Using (|6.7p twice and (I6.4j) . we find 

r W^t + VF^xx + 6(t;"^ + v'^-Xw, = 0, 
i T^(to) = 0. 

Let W{t,x) = {d~^W){t,x) = Z^W{t,y)dy and 6 = 6(w™ + w"^-^)^^;. Then 

Wt + W,.. = bW, - b^W - d-\b^^w), 
^ W{to) = 0. 

Since d^^ is bounded on Lt^{R) (a > 0), we have W G C{{—oo,tQ];L'^^) and 
(6.10) WWm^^ < f\l + {s-t)--2)e'''^^-'^\\W{s)h2 ds fort<to. 



by using Lemma 9.1]. Applying Gronwall's inequality to (j6.10p . we have W{t) = and 
W{t) = d^W{t) = for every t>0. □ 

The linearized Backlund transformation ()6.7p defines an isomorphism between and its 
subspace 

xutnn = \weLl: [ wd^^d^v^dx = [ wdk^d^v'^dx = o] . 

I JR JR J 

First, let us consider the case m = 1. 

Lemma 6.4. Let a G {—2ki,2ki). Then for any G there exists a unique G 

Xi{t,^^) satisfying (|6.1ip . Furthermore the map ^>i(t,7i) : Ll Xi{t,'f^) defined by (fOT]) 
is isomorphic and 

sup (||$l(t,7^)||B(i2.Xi(t,^i)) + ||$l(t,7^)"^b(Xi(t,7i);L2)) < oo. 



Proof. Substituting (16. Sp into (16. 7p with m = 1, we have 

(6.11) d^{w^ + w^) = -2{d^v^){w^ - w^). 

Since ||$i(t,7^)llB(L2;Xi(t,7i)) and \\^i{t,'y^y^\\B{Xi{t,j^);Ll) do not depend on t and 7^ we 
may assume t = and 7^ = (0). 

Let c = Akf and (/'c(a^) = ^1 sech^ kix. Then ()6.1ip and be rewritten as 

(6.12) d^Aw' + w^) = ^{w'-w'). 
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By (j6.12p . there exists a real constant a such that 

(6.13) w^{x) = -w^{x) - + acpcix), 

where 

dx4>c{y) 

{Iiw){x)q = 2(j)c{x) -^-j-^'uP{y)dy. 

The constant a is uniquely determined by the orthogonality conditions. Hereafter, we use the 
notation (/, g) := J^f{x)g{x)dx in this section. Since (i||(;/)c||^2(]j)/'^c / and f^dx4>cdx = 0, 
there exists a unique a = a{w^) such that 

{w^,dc(l)c) =- {w^ + hw^, dc4>c) + a{4>c, dc4>c) 

(6.4) 

and 

= -(7X;O,a,0e) + («;°,5,0c)=O. 

Next we prove that $i : zu" i— )• is continuous linear operator from to Xi. Noting 
that 

(pc{x)\dx(j)c{y)\4>c{y)~'^ <cosh'^{kiy) sech^(/cix) 

<f.-V^\^-y\ for any y £ (-|x|, |rc|), 

we see that Ii is a bounded linear operator on L^. Eq. (j6.14p and the boundedness of Ii 
imply that a{w^) is continuous linear functional on L^. Thus we prove that (|6.12p defines 
^€B{LlX^). 

Next, we will prove that $i has a bounded inverse. By ()6.12p . 
and 

w^{x) = —w^{x) — {Jiw^){x), 

where 

/•oo 

(Ji/)(x) = 2,/.,(x)-M dxMy)fiy)dy = -2Mxr^ dxMy)f{y)dy 



for any / G Xi. Noting that 

Mx)'^\dxMy)\ ^ e-^l^-^l for < X < y or y < X < 0, 

we have 

ll^l/llLi<l|e-(v^-™||Li||/llLg<ll/llL- 

Thus we see that ()6.12p defines a bounded linear operator 
from Xi to LI. 
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Since € B{Ll,Xi), € B{Xi,Ll) and ^i$i = / on C^{R) n Ll and ^i^-i = / on 
C^(M) n Xi by the definitions of $1 and ^'i, we conclude that : — )■ Xi is isomorphic. 
Thus we complete the proof of Lemma 16.41 □ 

Next we will consider the case where 2 < m < N . 

Lemma 6.5. Suppose a G {—2km, 2km) o-nd (|6.3p . Then for any w"^"^ G L^(M), there exists 
a unique G Xm satisfying ()6.7p . Furthermore the map $m(i>7"^) : L'^ — ^ -'^m defined by 
(j6.7p is isomorphic and 

sup (||^m(t,7'^)b(L2;X„) + II ^m(t , 7")"^ ;L2) ) < OO. 

To prove Lemma 16.51 we need the following: 

Lemma 6.6. Suppose (j6.3p . T/ien i/iere exisi positive constants Ci and C2 depending only 
on fc™ (1 < i < N) such that 

Ci sech C < V-m < C2 sech 9^ 

Proof. Expanding det(/ + Cm), we obtain the sum of all the principal minors of Cm of every 
order: 

det(/ + C7^) = l + Q,,..,,,e-('n+-+^ir), 
1=1 ii<-i, 

where Cj^^... ^j, are positive constants depending only on /ci, • • • ,kiy (see [101 P-HO]). By (j6.3p 
and the above, there exist positive constants Ci and C2 depending only of ki, - ■ ■ , k^ such 
that 

2Cie-^- ^ , det(/ + Cm-i) ^ 2C2e'''^ 



1 + e-2e- - ^"^ det(/ + Cm) " 1 + e-2e- ' 

□ 



Now we are in position to prove Lemma 16.51 

Proof of Lemma \6.5[ Without loss of generality, we may assume t = 0. Let A = dx + 2{v^ — 
v^~^) and B = —dx + 2(t;'" — f*""^). Differentiating (j6.4p with respect to km and 7™, we 
have 

(6.15) ^^7^^'" = B*d^rnv^ = 0, ^^fc^t;"^ = B^dk.v"^ = 2km. 
First, we solve (j6.7p for tu'". Eq. (|6.7p can be translated into 

(6.16) ^(w™ + u;™-^) = 4('t;'" - t;"^-^)?i;™-i. 
By (inSI), ([6:15]) and (ICT) . 

(6.17) w"^ = -w;'""^ + /m(^«"~^) + ad.ymv'^, 
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where a is a real number and 



J 



1, iJm{t,X,k'^,Y''f 



fiy)dy- 



Lemma 16.61 implies that there exists a positive constant C3 depending only on fe™ such that 
for every x >y > 7™ or x < y < 7™, 

V^„(t,y,A;™,7™)2 " %ech 6'„(t, y)2 
<4C3e~^'^'"l^~^l. 

Thus we have G B{Ll) for a G (0, 

Next, we will show that w"^ G Xm(t,7"*). Bv (|6.7p and the definitions of A and i?, 



m— 1 



Using (j6.15p and the above, we have 



and 



and = (B* - A*)/2. 
--{w"',{B*-A*)d,rnvn 

---{Aw"^,d,rnv"') 

---iw^-\B*d^r^v"^) = 0, 



2{d,r.v^, dA^v^ Hd^^v^, {B* - A*)dk^v^) 
={d,^v^,B*d,^vn 

= - 2km [d-y^ log Am] 
'djm det(/ + C5 



2/C'rj 



det(/ + C„ 

^7m C'm 



'OO 

x=oo 



J x=—oo 



det Cr, 



-4kl / 0. 



Hence there exists a unique a = a(w™' ^) such that {w'"^ , dxdk^v"^) = 0. Moreover, a{w^^ ^) 
is a continuous linear functional on w^~^ € L^. Thus we prove (^rn{t^l^) = —I + 4/m + 
a{-)d^rnv'^ satisfies sup^^^m ||^'m(i,7™)llB{L2,x„(t,7™)) < oo- 
Finally, we will prove sup^ -,m 7™)~^ 



,771—1 



. Since ker(i?) = {0} in and 



B{w 



m—l 



+ w' 



B{Xm{t,-i'^),Ll) < Let us solve (|6.7|) for 
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we have for any w"" G Cl{M) n X„(t,7"^), 

,,m— l/^x „..mr„. 



w 



(6.18) _ . . r ^m{t,y,k"',J 



Lemma 16.61 implies that there exists a positive constant C depending only on such that 

< (J g-'^km\x-y\ 



for 7^ <y<xoicx<y< 7™. Hence Jm can be uniquely extended on Xm{t, 7™) and := 
— / + Jm G B{Xm{t,^^), L'^) satisfies sup( ,.|,m ||^I'm||_B(Xm(t,7'"),L2) < 00. By the definitions of 
^rn and ^'m, it is clear that '^m^m = I on and ^m'^m = I on Xm{t,'y^)- Thus we prove 
()6.7p defines an isomorphism between Xm{t,'y"^) and uniformly bounded with respect to 
t and 7"^. □ 



Let 



Ymitnn = {wGLl: [ wd,d^^v"'dx= [ wOA^v'^dx = o] 



Note that dxd^.v"^ and dxdk^v"^ (1 < i < are secular mode solutions of the adjoint equation 
of (|6.8p . We will show that t<;™~^ satisfies the symplectical orthogonality condition for v"^'^ 
if and only if w'^ satisfy the symplectical orthogonality condition for v"^' 



Lemma 6.7. Let a G (— 2/ci, 2^1) and let <I>(t,7'") he as in Lemma \6. 5[ Suppose 2 < m < N 
and dOD- Then ^m{t,in{ym{t,in) = Ym~i{t,l"'-'). 

Proof. We abbreviate 7™ as 7^ (1 < i < m) if there is no confusion. Differentiating (j6.4p with 
respect to 7^ and fej (1 < z < m — 1), we have 

(6.19) B*d^^v"' = A*d^^v"'-\ B*dk,v^ = A* [dk^v^^-^ + {dk,iT~^)d^,^'^-^) ■ 

Using (|6.19p and the fact that Aw"^ = Bw^~^ and 2dx = B* — A*, we compute 

2(u;™, dxd^^v"^) ={w'^, {B* - A*)d^^v'^) 

={^^,A*{d,^v^-'-d,^v^)) 

={w"'-\{B* - A*)d^^v"'-^) 

and 

Therefore w'^ G ym.(i,7™) if and only if G Ym-iit,^"^^^). This completes the proof of 

Lemma 16.71 □ 
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Now we are in position to prove linear stability of A^-soliton solutions. We first establish a 
decay estimate for (j6.8p . 



Proposition 6.8. Let < ki < ■ ■ ■ < k^, a G (0,2A;i) and let to be a real number. Suppose 
that G C{i-oo,to];L^_a) 

is a solution of 
dtw^ + dlw^ + I2{d^v^){d^w^) = forxeR,t< to, 



(6.20) 



w''{to)&YM{ton''). 

Then {t) e YN{t,-i^) for t < to and 

lk^(t)|lL2_^ < Me-'^'(*-")||w;^(s)||i2^ for every t<s<to, 

where M is a positive constant depending only on ki,--- ,ki^. Furthermore, there exists a 
positive constant M' = AI'{k, I, b) for any I € N and b > a"^ such that 

-^''-^'''^Ihi < M'{t- s)-h-^'^'-'^\\w^{s)\\L2 for every t<s<to. 



Proof of Proposition 1 6. <§! First, we will prove that vu^ € YAr(t,7^) for every t < s. Since 
is a solution of ()6.ip and d^^v^ and d^^v^ (1 < i < N) are solutions of (jl.lOp with 
= dxVN, we have for 1 < i < A^, 

Combining the above with vu^ (to) G Yj\[{to,^^), we have w^{t) G Y-mitn"") for every t < to- 
Let w^{t) = $i(t,7^)~^ • • • ^>Ar(t,7^)-^w^(t). Lemmas EZl El and [63] imply that a map 
^>i(t,7i)-^---$7v(t,7^)-i iswehdefinedon YAr(t,7^) and we have u;°(t) G C{[0,oo); Ll{R)) 
and 

(6.21) C-VmL^ <ll^^(i)llL^ <C\\w\t)h2 , 

— a —a — a 

where C is positive constant depending only on and a G (0, 2A;i). Combining (j6.2ip with 
(|6.7p for m = 1, • • • ,N, we see that there exists a C/ > depending only on k and / G N such 
that 



(6.22) C7-i||e-'^^u;°(t)||^, < ||e-"^zf;^(t)||^, < Q||e-"^u;° 
Lemma 16.21 implies that 

(6.23) dtw° + = for t > s and x G M. 
It follows from [15^ Lemma 9.1] that for any a > and t < s, 

(6.24) lk°(t)llLiJiR) < e-»'(*-)||^i;0(.)||^2^(^), 

(6.25) ||e-''^'«;°(t)|b.m < {1 + (Mt - s))-^e-^'^'-^^\\w'{s 
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Proposition 16.81 follows immediately from ()6.2ip , (|6.22p , (j6.24p and (|6.25p . Thus we complete 
the proof. □ 

Proof of Theorem M.Si Let U{t,s) denotes the evolution operator associated with 



dtw + d^w^ + 12d^ {{d^v^ {t))w) =0 for x G M, t > s, 
w{s) G Ll 



(6.26) 



Since (16.26P is the adjoint equation of ()6.20p . it follows from Proposition 16.81 that for every 
t>s and / G L^^, 



\Q{sru{t,srQ{tr{t)fh. <Me'^(*-)|i/ii^. , 

— a —a 

|e— Q(s)*[/(t,.)*Q(t)*(t)/||^, <M'(t-.)-ie^(*"^)||/||^2 , 



since Q{t)* is a projection to Yn^I,^^) associated with ()6.20p . By a standard duality argu- 
ment, 



\\U{t,s)Q{s)fhi<Me-('-^^\\fhi, 
\\U{t,s)Q{s)fhi < M'e'('-^\t - sr'^We'^^fWH-. 

Thus we prove Theorem 11.21 □ 



Appendix A. Size of Uc and pc 
Claim A.l. Let c = 1 + ^e^, a G (|e, |e) and let i and j be nonnegative integers. Then 

\\dld^,u,\\i^r^i^^ = 0(e2+-2.)^ \\J-^dldiu,\\i^r^i^^ = 0{e^+^~^^). 
To estimate /^-norm of Uc, we need the following. 



Claim A.2. Let f G H\^). Then Enez/W < 2|u 
Proof. Since /(n)^ < 2 J^~^^{f{x)^ + f'{x)'^)dx for any n ^"L, 'we have 

[•n+l 

fin? < 2 / ifixf + f\xf)dx = 211/111,,, 



□ 



Proof of Claim \A.l\ Claim lA.ll follows from (P4), Claim IA.2I and the fact that || J~^||b(z2 ) = 
O(e-i). □ 
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Claim A. 3. Let < ki < k2 and a G [0, |e). Then there exists an > such that if 
e e (0, e^:) and q = 1 H — for i = 1, 2, 

\\d^'d^'Uc,{- - Xi)d^^d^^Uc,{- - X2)\\lo. = C)(e4+ai+a2-2(/3i+/32)g-fcia|a;2(i)-a.iW|)^ 
\\d^'d^'Uc,{- - Xi)d^^d^^U,^{- - X2)\\ll = 0(e3+"i+"2-2(/3i+/32)g-fcia|x2(i)-xi(t)|^^ 

Proof. Claim lA^ follows from Claim lATl □ 

Claim A. 4. Let ai, • • • , aj\[ € M and I = {X^^Li ^i^i • < < 1 for 1 < i < N}. Suppose 
f e C72(M) and /(O) = 0. Then 



l<i<Ar l<i<Af 

Proof. Let b = X]i<j<jv ^i- By the mean value theorem, 
fib)- E /(«^ 



<supir(x)i^ 



a,- a 



l<i<Af 



E / (f'i^^b) - f {siai))dsiai 
<i<N ''^ 

yZ f" {si{s2b + {1 - S2)ai)dsids2ai{b - Oi 

<i<N'^0 Jo 
N 

<sup|/"(x)| ^ \ai\\b - ai\. 



i=l 



Thus we prove Claim IA.4I 

Now we estimate size of pc- 
Claim A.5. Let a € [0,2A;ie). Then 

\\didipc\kni2 +\\J'dip,\\i2r^i2 =0(ei+-2.)^ 



□ 



Proof. Noting that [H"[uc) — I)dxUc = 0{rcdxrc), we see that Claim [A5] follows from Claim 
ED and Claim [Ai below. □ 

2 

Claim A. 6. Let c = 1 + 4- and a G (0, 2). There exists a positive number sq such that 



sup e'^\\dx{cdx + J) ^||b(l2 nL2 ) < oo. 

ee(0,eo) 



Proof. Since 



we have 



Fdxicdx + J) 



-1 



-d^ e*? - 1 



,{cdx + J) ^||b(l2) < sup |m(,^ + iae)|, 



54 



TETSU MIZUMACHI 



where m(^) = ^^(c^^^ - 4sm^ I) ^. 
Using 



4 sin 



2 ? 



we have sup^g^g.eo) ^^P5e( § §) l^^^^ ~'~ < Suppose |^| > £3 . Obviously, 



h 

inf inf 

e6(0,eo) |^|> J 



c + 



2sm ^^^^2 — 



^ + iae 



>0, 



and since < cosh ^ — 1 = 0{e ) and 1 



^\ i-iT-»/^ 1 2_ £^3 



5 



+ ia) — 2 sin 



^ + me 



, ^1 / ffle 2sin I 
>^ c-cosh — ^ 



>(c-l)|C| 



Combining the above, we conclude Claim IA.6I 
To prove Lemma 12.41 we need the following: 



□ 



Claim A. 7. Let a be a positive number, u = {ui,U2) G H l'^^ and v = (^1,^2) ^ ^-a- 
Then 

00 
(A.l) {u, J-'v) = (m, e'^V2) + {vi,Yl e''\2). 



k=~oo 



k=l 



\ilnilJHi2nilJ^ 



Especially, {u, J ^u) = {ui, l){u2, 1), and as I — 00, 

{u,J-^e^^v) = 0{a-'^e-^^u\ 
{u, J-^e^^v) = {ui, 1){V2, 1) + {U2, l){vu 1) + 0(a-^e''^||'u||pn/2 IbllpnP )• 

ft — Ci d — ■ CL 

Proof. Eq. (jA.ip follows from (|2.5p and the others follows immediately from (jA.ip . 

Appendix B. Proof of Lemma [573] 
Proof of Lemma \5.3[ Let a{n) = (27r)^2 g[^)e^"'^d^. By Parseval's identity, 



□ 



f{i)9{i-ii)dii 



L2(T) 



--\\f{n)a{n)\\i2 



< 



Next we prove (ii). By [TU], there exist positive constants Ai-^^...^i^ such that 



N 



det(l + Cn) = 1 + Y, Y1 

n=l l<ii<-<in<N 
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Hence fNit, z; k,f) is analytic on {z G C : \Qz\ < 5} and sup|j^|<5 ||(/'Ar(t, • + iy, fc,7)||Li(R) < 
oo. By the Paley-Wiener theorem \26\ Theorem 9.14], 

(B.l) rx;(i,e;fc,7) = ef^i{t,e-'^;k,-f) = ©(e-^l^l/^). 

Making use of (IB.ip and the Poisson summation formula, we have 



^^^-n.5/e<^-n5/e for ^ £ [_vr, vr] . 



n>l 



□ 



Appendix C. Relation between secular term conditions of FPU and KdV 

A multi-soliton solution resolves into a train of 1-solitons as t — >• oo ([lOj). In fact, we have 
the following. 



Lemma C.l. Let < /ci < • • • < A;„ and € R for I < i < N . Then 



(pN{t,x;k,j) = k'jsedi^ej + 2-^log{l + R), 



where 6j = kj{x — ^kjt — 7j) and 

IN = IN 



2kN 



\og{2kN) 



N 



7i = 7i - ^ log(2/c,) - ^ X] ^ 

j=i+i 



kj Jxi'i 



forl<i<N -1, 



and there exist positive numbers a, b and 5 such that 

(C.l) sup I cosh{ax)d^'d^^d^^R{t,x)\ < Se'^^ for t > 0, 



l<i<N 
oi,O2,a3>0 



where 6 is chosen as a function of L := infi<j<7v-i(7j+i — 7j) satisfying 6{L) — )• as L — )• oo. 
Moreover, for any a G [0,2), there exists a positive number b' > such that 

Y l|e""^^9^^5^f i?||L2 < 5e-^'* for t > 0. 

l<i<Af 



Proof The former part of Lemma IC.ll is a slight modification of Theorem 2.1 in Haragus- 
Sattinger |llj and can be seen easily from their proof. The latter part also follows immediately 
from their proof. In fact, [11] tells us that 



< V 



1 



2<m<N 
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and 



1 + 1 + eM-^Gi) exp{8A:„(A:^ - kl)t + 4A;^(7„ - 7)} ' 

Thus we have Lemma IC.li □ 

Now we are in position to prove Lemma 15.41 
Proof of Lemma \5.4\ For i = 1, • • • , A^, let 

/•X rx 



and let 

^K,v - [A^^).=^.,N-^ , A^,y - y^^,^^,^ j . 

Then we have 

AT 
i=l 

where ai and /3j are given by 

Since (1 < i < iV, = 1, 2) are solutions of (fTTO]) and rjj are solutions of the adjoint 
equation of (ll.lOj) . {ii,rfj) are independent of t. Let (t)k{x) = fc^sech^ /ex. By Lemma fC. 11 

(C.2) ri] = - </.fc^. (x - Ak]t - 7fc) + Rij , 

(C.3) 7j]= r dk<Pk,iy-'ik]t-^,)dy-Y,^^kJy-^kft-^,) + R2„ 



J' 



where Rij = 2dk^dx log(l + R) and i?2j' = 2d.y.dx log(l + i?). Observing limit as t — 00, we 
have , = if i 7^ J and (A;, 7^ (2, 2), and 

{^},V}) = 0, {^},vl) = -{Cf,v}) = l^UkMl2^0 fori = l,... ,iV. 

If i < j, 

=0. 
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It follows from above that A^^^y = O if i < j, that Axdv is invertible, and that 

l,m i<j 



(C.4) 



< 



EE' 



l,m i<j 



X We 



<ll/llL^ 



a(—Akjt-^i) cl 



Thus we complete the proof of Lemma 15.41 

Next we prove Lemma 15.51 
Proof of Lemma 15.51 By (|5.2p and Parseval's identity, 

\{w{t), J~'^d^^UN,e)\ 



fit, 0, e''^-^'^P{irj-^Fnd^^UM^e{t, i, l) 



= <e^52e-^^^^\\Tiu,efmL^- 
As in the proof of Lemma 15.31 we see that 

for a c > 0. Combining the above with P{0)*d^MN,e = *(\/2?'Ar,e, 0) and the facts that 

1 2 



\p{^-ik,er -p*m + 



sin €^ e - ihe 



< 1^ - ikie\ for ^ G [-tt,tt] 



and that II e '^i^^' ^i'-^* ^ ^'^^^dxd^jN,e{t,-',k,j)\\i2 = 0{e'^), we have 



--0{eHS2 + e^)e-''^'''\\Ti,,J{t)\\ 



L2, 



Let h2, hs e L^(M) such that 



y) + h2{T,y) 



,et{n+ik^) j^^^^ e(r/ + iki))e'y'>dy, 



hsir, y) 



(/2,+ (t,£7?) + /3,+ (t,er?))e^^^dy. 
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=e (hi + T^, T_ik, {ry-ie^^'^^^^a^Cr, t]; fc, 7)}) 
Since h^{T,ri) = for rj G [—K^K], it follows from Lemma IC. II that 

/y 
dj^(fN{T, yi + -iklr- k, 'y)dyj 
-00 

/y 
d^^tfN{T,yi + 4:kjT;k,-f)dyi 
-00 

<^-2g-fci{4{fc2-fc?)r+7.}||/j3||^,. 

Combining the above, we have 

e"^ //ii,e-^^^^-^('=?-'=?)^-^'> r d^,^N{T,yi+4kiT;kn)dyi 
\ J —00 

<e^K-2||/i3||L2 + (e' + 52)11 

<iK-' + e^ + 62)\\nk,J\\L2. 



(C.5) 



Similarly, 
(C.6) 



1 

£2 



/hue-^'^y-^^^'-''^-^^^ r dk,^Nir,yi+iklT;kn)dyi 
\ J —00 

<{K-^+e^+62)\\T,k,ef\\L^- 

By (1051) . (lOell anddaH), we have 

l,m i<j 

<e-HK-' + e' + 52)\\nk,ef\\L^. 
Thus we complete the proof of Lemma 15.51 □ 

Appendix D. Proof of Lemma [173] 

To begin with, we compare spectral projection associated with a solitary wave solution of 
FPU and that associated with KdV 1-soliton. 



ASYMPTOTIC STABILITY OF N-SOLITONS OF THE FPU LATTICES 

2 



59 



Lemma D.l. Let e > 0, a £ (e/8, 2e) and c = 1 + e /6. Then 

' 1 ' 



J ^dnUp + / 9, 



1 



-1 



0(^5), 



0{e 



To prove Lemma ID-H we need the following: 
Claim D.l. Suppose a £ {0,1) and f £ C^(M). Then 



ir'dJhi<\\f\\Ll+a~'\\dJ\\ 



||(e^ - - fhi < a\\fU. + a-'\\dlfh., 

Proof. Let g{x) = e"^/(x). Using |e*^~" — 1| > 1 — e~" > a and 

|e'«-'^-ie + a-l|<a2 + |e|2, 



we have 



and 



— a 



(e^-iri9./-/||i. 



L2 



<\\f\\Ll+a-^\m\\Ll, 



<ci\\g\\L^ 
<«II/IIl^ 



+ a-^\\e9\\L^ 
+ a-'\\dlf\\L2. 



L2 



Similarly, by using |e*^"° + e"*^+" - 2| > 4sinh^(a/2) and 



we have 



<\\f\\Ll+a-^\\dlfU., 



L2 



and 



(e«-2 + e-V5.V-/ll 



i2 



{ii-af 



5-5 



L2 



< 
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Claim D.2. Leta£R and f £ H^(K). Then 



□ 



x±l 

fix) - I f{y)dy 



< max(l, e' 



-a\\\ fl 



Lim- 



Proof. Since 



rx+l rx+l rx / rx+l \ 2 

f{x)- / f{y)dy = / / nt)dtdy < / ntfdt] , 

J X J X J y \J X J 



we iiave 



fix) - \ fiy)dy 



< 



j^{e'^^ f^^' f'itfdt^dx 



< max(l, e 



'2a Ml -f'll^^ 



□ 



Proof of Lemma \D. 1[ By the definition of Uc, we have 



(D.l) = -c(e^ - l)-'d,r„ J-^d,u, = (-c(e^ - 2 + e-^)-^dlr,, (e^ - l)~'d,r. 



Thus by Claims D and EH 



x^c ' 're 



< 



< 



<\ 



J ^dxUc + HJ£ 



^cie^ -2 + e-^)-^dlir^-(^e) 



+ 



' icie^ - 2 + e-^)-^dl - l)(t)e 
(_(e9 _ + 1)0, 



rc-(t}e\\H^ +a \\dxirc- (t}e)\\H^ +ei\\(t)e\\H^ +a WdMn^ ) 

— a —a ~a — a 



e\2 o 3 
a. 



<(e^ +aet) (1 + ^) + flS^f ( i + ) = 0(et). 



2\ 2 
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Since 11 J -^1 



J'^dcUc + 



d. 



dcUc + J I dc(f)£ ' 

— oo 



1 



<n-l 



dcrc 



x+l 



dr 



dcPc+ I OcCps 



By (|m]) and Claim EH 

\\dcPc + dcrcWii^^ 
<||(e^ - l)-^d,r,\y^ + ||{c(e^ - l)-^d, - l}d,r,\\i2_^ 

Combining the above with (P4) and Claim [D?2l we have 



dcPc I J — nc) \ 1 

<a~'^{\\dcrc- dc4>s\\H^ + \\dcPc + dcCpeWn^ + Wd^dcCpeWn^ ) 

— a —-a —a 

<a-iel =0(e-|). 

□ 

Finally, we will prove Lemma 14.31 
Proof of Lemma\4.3\ We assume that k = N. The other cases can be shown in the same way. 



By (P4) and Lemma IC-H we can choose k and -y so that 

di{UN{t) - UN,e{t^ X, 7) < (5(L)e2+^ + O(e^). 



E 

i=0,l 



sup 

t>o,xe 



Combining Lemmas IC.ll and ID.ll with ()C.2p and (|C.3P , we obtain (j5.2p from (j4.9p . Thus we 
prove Lemma 14.31 □ 
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